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4.1 Examples

1) Statistical estimation

Random variable X with density f(x,8), where 8 € R™ is parameter vector, and
independent observations xi, ..., X,.

Maximum likelihood: Estimates Q of @ are derived by maximizing

L(Q) = f(Xl,Q) f(XQ,Q) . f(Xn,Q) L Wc&%m
(e oy SO

Assumption: 3 0 for which all factors are positive. oo

Since In(.) is monotonically increasing, 0 also maximizes
n
In(L(6)) = > In(f(x;,))
j=1

If £ is differentiable w.r.t. § at 0, necessary optimality conditions:
" Vof(x,0) 0

=
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For Guassian density
(x = p)?

1
f(x) = exp —
()= ——m=—ep = 3
and 0 = (u, o), we obtain
2
In(L(8)) = In((—)“l‘[exp——“) )= - gteam Sl
ov2 _w, = (8T
20 S=w
Minimum is achieved in a stationary point
!
f AnLO) _ « = cw-) 2O
ou o JE=
and < o~ ,

/- Olin(L(9))] . S (x3-¢)%="©

[ T T T T

Thus '-11.7‘; % ré: X5
= a2
Fe |/ Zox-4)
o s=w
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2) Training multilayer neural networks

Supervised learning:

Given a training set T = {(x",y"),..., (x", y")} where y* € [0,1]"" desiderd output for
x¥ € R", construct a model that maps x*'s into Zk’s as well as possible.

Multilayer networks:

. o £
L layers with n; units in layer I, n1 = ni, and ng = noye.

First layer of inputs xi, ..., x»,, other layers with activation units.

Illustration:

Output of unit j of layer /:

nj—1

2= oY whel " — )
i=1
where weights wj; to be determined and ¢ : R — R is sigmoid ¢(t) =

_1
14e—t"
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A multilayer network defnines a mapping h(w,.) from R™ to R"™ parametrized by
ﬂZ{Wé =1, Li=1...,n_;j=1...,n}.

Training problem: Given T = {(x',y"),...,(x?, y?)}, determine values of w
which approximate as well as possible the mapping underlying T.

In general one minimizes

1 P
5 2 (ly* = hw, ")}
k=1

[
- oo~ [orgpewsese
challenging (non convex)

Example 1.5.3 of D. Bertsekas, Nonlinear Programming, Athena Scientic 1999.
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4.2 Optimality conditions

Generic problem:
min f(x)

x€S
R cone ISt Y
where SCR", f: S—=Rand f € C* or C2. e

Unconstrained case: S = R”"  core SGont =AY
=5 we Lo 2o
Son & ”:’Z: Ko

o et
© o~ =y =28
Definition: d € R" is a feasible direction at X if Lo U?/Q"* e
J@>0 suchthatx+adeS  Vae[0,q] (1)

Illustrations:
: 5 .,‘%g e con Anlra oFovesL) —T/M*u-&/
nf’%n.,w - el sl DARAN
AU P2 AN NS ../ufv\.d‘

{) L)

fi
gaef,ze, K

Fe cont (5) £-Can 2vor)
: o @ CaoarLa o

d
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First order[necessary local optimality conditions:

If feC'onS and X is a local minimum of f over S, then for any feasible direction

deR"atXx )
[ th@ 7 ses £ o
— 54;) ‘_é - “‘ '; o, we
namely all feasible directions are ascent directions. et

B D W = e ) e SOV R
Proof:

Comosan € [0F] SR ot fpro = F(Ererd)

o
_ Cscal nonn () 0= SP fwsl‘ea w
Togzd:émwim«z“@ew S @ o &7 s <

Poesnnre Egec%,sew— eech owal €. Za) - warne,
— o
Sf o ot X=T o
o i MAlo)= T ()
(o) + o/@'/o)—(' v () /\-%——)O Lostce~ t -
ey = e larn O 3O NETmeLL

we o e lect
-+ oS o . Rloan wf oy Do
-Se..,v\w,am et P S {ooe Lo~

b o o —Rscsl
Gre) - pro) = X@lro) IO - W(pmm

— Sirod)e T we
Iro) 20 . oAl womce Plra) = PPCE+ord
S e %—6@ "we’miro £=Co, tLoD=-
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. _ .2
min, >0 f(Xxi,Xx2) = X7 —x1 + x2 + x1x2

Example:
Xz,
J
bl
> —
= =~ ~
Al I [~
A ) T ~
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Second order/necessary/ local optimality conditions:

If f €C?on S and X is a local minimum of f over S then

. Lot o
i) Vif(x)d>0 Vd € R" feasible direction at X, e LIRS
i) if Vf(X)d=0 then d'Vf(x)d > 0. & €)==
el Ll em et & s e
e L

Proof:

Similarly for (i ). Suppose V'f(X)d = 0, then we con @xgarnl €L Tywe) 2o samios

1
d() = ¢(0) + a ¢'(0) +§az¢"(0) +o(a®).
——
0
Con @OaRN OO 2o ol

&@e,\ th-@; V\M,VQ'Q‘Q« =
@ W‘,Qo« L’_zovv

" — Ao P2fcx) L v o,
u\-;% m t‘f

= o,
o) — ero) = "—(250‘2%”/0) v e o Sp

Lo e it Conre @I 2O LSl 5 Lo €207
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Corollary: (Unconstrained case)

If f €C*on S and x|€ int(S)lis a local minimum of f over S, then
Q Vi(x)=0 (stationarity condition)
@ V?f(x) is positive semidefinite.

N oAR \629 O~
Proof: Sonca sse ot (s) , 2 tle ~eckons der et

[S SV-N o2 SRSV o) ot <.

3. R O AD  Conorior (K
vzm—i_/mwe,@‘ﬁ cw) Eea -

y we Sne PPy d 2o

luRe (2) wan o CRuoyoves OF corvlobicon Cil) wonrca
ol « (Z2pesy) & =9 A e ™ o £l —LOoTWRN mMARATIN
0_2/(5) s VAR NLNARIILD A R

2ol Aot e p=
WJ':) 4 oy WJGB) Q‘Js/O/\/‘z)
Types of candidate points: local minima, local maxima and saddle points.
Above optimality conditions are not sufficient -
. — 3 =0 “O ~ot
\_o:f St el frx) x> _ o W-efigfg‘« <

e AP AN ) lren DR RN o,
Con oo,
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. : _ 2 2
Example: ming >0 f(x1,x) = xl3 — X; X2 + 2x5

R
== [
=== !

=
==c222 NL
— A
o
e e 1]
e o gl g LT L~ ()
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e x oo /0 o poe sl cat S of
€ Lle. cCoypel opnt SN~ fiorto

Sufficient|local optimality conditions:
ok W}

If f €C? on S and X € int(S) such that Vf X) 0 and V?f(x) is positive definite, then
X is a strict local minimum of f over S, namely

f(x)>f(x) VxeN(x)NS

Proof:
Let d € Bc(0) be any feasible direction such that X + d € S N B(X).

Then
1
f(x+d)=f(x)+ VF(x)d+ EQtV2f(z)Q+ o(|ld|]?)
Sommca, PEPCE) an o Agp 1 €on F 7S ot delD2fce)y &= ol dI?* ;
FBe, @ L LIl N ev tRa. mnnele it RV -8R §f £Ra —Ca o).
Ll e Lo T

YOLns o | L) omr%uwe.aj
Fes+L)— Loy =z FL1z >
= 'f(f) v Pos+ ) =) 5mrf—?efc§»¢wwaé

Since this holds Vd ¢ R” such that x + d € SN Be(x), f is locally strictly convex.
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Convex problems

min  f(x)  where C CR" convex and f : C — R convex
xECCRN aa— = -

Every local minimum is a global minimum.
\—u:?.,u\u
B SIS T s

Necessary and sufficient (NS) conditions:

Let f be convex and C* on € C R” convex. x* is a_global minimum of f on C if and
only if _ S o

- . D od EPeon o Lsc avnn (o o Qs e
@;‘sz}%% Ve‘oai\i;:e-ﬁ-cmt ( ©20 Caoo>LR Pors O erconAIme / HR)

- L ot xP
Dfcs®y-d=o ﬁfv%”i%éwwvoe—be\, rec

B . Coe we —a Tl clmnoctaTrotivmn S Corra e

- P Rfcx¥) s (- x¥%) HzeC
Lk, O ez Feem) 1 ZLET)

AE2 BN B fcry= frw) € Fec
=) APl o eyl ot
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Recall: Given any C C R" convex, x € C is an extreme point of C if it cannot be
expressed as a convex combination of two different points of C.

ot ts—
B Z2rne o CanoA OV
’?"9”(2‘/’;““ S Conses £ Corcoa)

Property: (maximization of convex functions

Let f be convex defined on C convex, bounded and closed. If f has a (finite) maximum
over C, then 3 an optimal extreme point of C.

lllustrations:
/
Ve )
— K D
P, 3o earcde S ae et

> tRa MmOV
Dt :bgfmw PSRN cer)

Special case: Linear programming
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4.3 |terative methods and convergence - — se22v=8 covais

Generic Nonlinear Optimization (N.O.) problem:

min f(x) S Cen Tl el o
s.t E;(g)ﬂgﬂ();/l</<m
x€SCR"

IfX={xeS : gi(x) <0, 1<i<m} CR" then constrained problem.

Difficulty depends on f and X. Usually f and g; are at least continuously differentiable.

In some cases (e.g., LP and combinatorial optimization) an optimal solution can be found in a
finite number of elementary operations.

Efficiency depends on how this number grows with the instance size (polynomial vs exponential).
L_ an FE Ao Ss |

P
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Most N.O. methods are iterative

(-—start from x, € X

t generate a sequence {x, }x>o that “converges” to a point of Q = { “desired solutions” }.

Different meanings of “converge” and “desired solutions”:

e {x,}k>o0 converges to a point of Q — \ e jﬁ’mﬁ
or 3 a limit point of {x, }«>0 which belongs to Q She~otwass

e ) = set of global optima
or Q = set of candidate points satisfying 1st/2nd order necessary optimality conditions

g o K=R™T we o Lo
2= gseyz_’“’: _E?Drg—)': S?

Often but not always descent methods: f(x,,;) < f(x,) for each k

Edoardo Amaldi (PoliMI) Optimization Academic year 2023-24 2/19



Interested in robust and efficient methods.

. e o) ok Loes AnsT
1) Robustness associated to global convergence ~iiormcer tRa xo =C-oSca
PPN oo e oot

Definition: An algorithm is globally (locally) convergent if {x, }«>o satisfies one of
previous properties for any x, € X (only for x, in a neighborhood of an x* € Q).
a w:_,ckg,
fy SCBRVS o

2) Efficiency characterized by convergence speed

Assume that limy_, o x, = x* where x* € Q

Definitions: {x, }«>0 converges to x™ with order p > 1 if 3 r > 0 and ko € N such that

— e (et e Ol —
et ey
wa Sl < =X VK> ko |

Largest p is the order of convergence and smallest r > 0 is the rate.

If p=1and r <1 linear convergence, if p =1 and r > 1 sublinear convergence.
\_ ERon OrR I
Nl T-Een~

N.B.: If p =1 the distance w.r.t. x* decreases at each iteration by a factor r.
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Q.
{\/TJ_ w2
Example: few ) Corvosfe~ < —_—>
— -3
e _@ono 0o QoL
- ~NTe~vf) —6‘,‘:—*-:_ ‘_'3»;2_ 3;} -
) 000, (e oeesl to ~ttad) R TS F LS/ rHS
O [ ¥

. 23
I ean (v ] | Qu+w = ‘«—{ _ KA W e — T‘f’“"—l
Temcm 7~ 10w —2l? = [T i te e

et 92
= o) SRS r

(oot =472

£
I
N
1
B

ey St N LR, <

Definition: The convergence is superlinear if there exists {r«}x>0 with limy_ oo rk =0
such that R
X2 =X < il =7 Yk = ko »
Example: 1+ kik Frpdnorve -
A, = e o
Coneon
o, - RO

Definition: If p =2 (and r not necessarily < 1), the convergence is quadratic. |
Example 1+ 5

2k

Edoardo Amaldi (PoliMI) Optimization Academic year 2023-24 4/19



4.4 Line search methods

Unconstrained optimization problem:

i Cotuvana TR s
gne]]erl f(i) .M_.,,, oS ron

s S T DA TR

(
with f:R" — R of class C* or C? and bounded below.

Iterative methods: start from x, € R” and generate {x, }x>0 “converging” to an X € Q.

See Chap. 3 of J. Noceal, S. Wright, Numerical Optimization, Springer 1999.
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1) General scheme
Select x, and € > 0, set k :=0

Repeat

Choose search direction d, € R"

Determine step length oy > 0 along d, s.t.
Set Kk+1 = Xy Jrakgk and k= k + 1

Until termination criterion is satisfied

¢>AMA/°/QQ/ Mapn o

o et Yo

minazo ¢(a) = f(x, + ad,)

Termination criterion: ||[VF(x,)|| <& or |f(x,) — f(x,,1) <€ or |Ix — x|l <€

Often approximate oy (also f(x, 1) < f(x,) Vk > 0).

Flexibility in choice of d, and «, efficiency depends on both.

Edoardo Amaldi (PoliMI)
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2) Search directions

In many line search methods, i.e., iterative methods based on search directions,

EERL)

with positive definite n X n matrix Dy.

d, is a descent direction because of R LT Di, Lrenne e TF

Wes Lo EL e corn coryarfte,
pLexwy »+ Su= PPexw - [ —Duw ofcren) =
= —(=2-Ae) vo

-
2o
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Example 1: Gradient method

Given f € C', consider linear approximation of f(x, + d) at x,
I(d) := f(x,) + V' f(x,)d

and ¢ di € R" minimizing /«(d) over sphere of radius ||Vf(5k)||:7
ERon, SR oint Sy we
e min  V'f(x,)d oS e (1)

st |ldll = [IVF(x)I-

comea, PPr=aye d = [ 2F x| Bl come

Ne A () wlonm coo(e) == T
€Lt «On VO =T ——j
<

Steepest descent direction:

where & = I,

Clearly d, is a descent direction if Vf(x,) # 0.
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Example 2: Newton method

Given f € C? and H(x,) = V?f(x,).

Consider quadratic approximation of f(x, + d) at x,
1
q(d) = f(x,) + V'F(x)d + 5d"H(x,)d

and choose di € R" and oy leading to a stationary point of gx(d).

Since V4 qi(d) = 0 implies V*f(x,) + d*H(x,) = 0, if H7%(x,) exists then

Newton direction: —
E —H (xk)w(xk) (

where Dy = H™*(x,). e F= I (— A2
L4 —;—/o_.#_xc‘)vo
———a
If H(x,) is p.d. and Vf(x,) # 0, d, is a descent direction. ﬁd"@

If H(x,) is not p.d., d, may not be defined (A H™!(x,)) or may be an ascent direction.
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3) Step length

To guarantee global convergence, an approximate solution « of line search:
min ¢(a) = f(x, + ad,).
a>0

Different methods to generate ax and stop when appropriate conditions are satisfied
(simple, after a few iterations).

f(x, + aud,) < f(x,) does not suffice.

. . o cenl opt
Basic principles: - TESESESS
( /
- o must not be too small (to avoid premature convergence) % ’
- a must not be too large (to avoid oscillations) - v
o ervean W N
Mg Ot o~ _ — /
< | —= /
VA
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Wolfe conditions:

. (docaona)
Sufficient reduction:

( ¢(a) < qS(O) + Cl??,( )7 con ¢ € [O,E]\;

which is equivalent to

f(x,+ad,) < f(xk) + clawk)d (Armijo criterion)
=y e

¢'(0) < 0 since d, is a descent direction, ¢; < 1/2 so that it is satisfied by the minimum of a
quadratic convex ¢(a) (exercise set n.6).

lllustration:

%’(0()
| -
Pro) 4

Q/r’:v\A’WQ»

€sv e
2o N~ C2 <e'ro)
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=) Cuvce ¥4

To avoid too small steps also condition: -
E(a)ig;zqﬁ'(O) con o € (c1,1) /

which is equivalent to
Vi (x, + ad)d, > V' f(x,)d,.

In general ¢, = 0.9 for (quasi)-Newton and ¢, = 0.1 for non-linear conjugate gradient.

6(a) < 6(0) + c1a¢? (0)
¢ (a) > & (0) (3)

Weak Wolfe conditions:
20 5, S
—lo~

with0 < e <e <1 -
[ wAe o
| LRoea N—&We
K +Loa s Qs ©
Qs K & @ .
WVQ.&Q,\ W"vazz 4 lwi=firany) k%
et ‘o
on~0—
line of sufficient
decrease
/3
See Chap. 3 of J. Noceal, S. Wright, Numerical Optimization, Springer 1999.
Academic year 2023-24 12/19
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Strong Wolfe conditions:

#(a) < ¢(0) + C1a¢ (0) (4)
9'(@)] < ald'O)] (5)
with0< g < o<l -

Exclude values of a with ¢/(a) too positive, far from stationary points of ¢.

Conditions are invariant w.r.t. affine transformation of the variables.

Proposition:

If f:R" —» Ris C* and d, descent direction at x, such that f is bounded below along

{x(+ad, : a«>0}. Thenif 0 < c1 < & < 1 there exist intervals of step lengths
satisfying the Wolfe conditions (weak and strong).

Simple consequence of the mean value theorem.

oRL W Lt“’mm

>3 ,vv.:L
e ate=yirar B A= PSS TS e
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Metods for 1-D search

Many methods (with/without derivatives) to determine an approximate solution ay of

am>lf(} #(a) = f(x, +ad))

satisfying appropriate conditions (e.g. Wolfe) which guarantee global convergence.

In general, two phases:

- determine [(min, max] containing “acceptab

step lengths (“bracketing phase”),

- select a good value o within [@min, max] Via bisection or interpolation.
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Bisection

¢ € C, #'(0) < 0 since d, descent direction and 3 @ such that ¢'(a) > 0 for a > @.

Start from [Cmin, Cmax] With ¢'(amin) < 0 and ¢’ (amax) > 0 and iteratively reduce it.

lteration: set & = (Qmin + Ctmax)
if (&) > 0 then amay = &
if ¢'(&) < 0 then amin := &

Linear convergence with rate 1/2

To find initial [min, tmax]:
1) amin:=0es:=sy
2) compute ¢'(s)

if ¢’(s) < 0 then amin := s, s := 2s, goto 2)

if ¢/(5) >0 then Omax - — S, StOp
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Adaptation to determine ay satisfying Wolfe conditions.

Procedure:
i) select o > 0 and set &min = max =0

i) if o satisfies Wolfe (2) then goto iii)

S mintOmax

else amax i = o, a 1= 5 ,

goto ii)
iii) if « satisfies Wolfe (3) then ax = «, stop
else amin == a

o 20 min if &max =0
) Emin—max if Qmax > 0
2

goto ii)

Proposition: If f € C' is bounded below along ray {x, 4+ ad, : a > 0}, the procedure
stops after a finite number of iterations and yields « satisfying Wolfe conditions.
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4) Global convergence of line search methods

Suitable assumptions on[ak and gkic_a,n guarantee global convergence.

~hee ot Ko, -
Cunte =Y 4 ST

=
Key aspect: angle 0, between d, and —Vf(x,)

t @ s-b=
V f(ﬁk)gk f;’;y. "o n- ool ©)

cos(fk) = — INZZCAIIEAD

General result showing how far d, can deviate from —Vf(x,) and still give rise to
globally convergent iterations.

For a proof assuming weak Wolfe conditions, see J. Noceal, S. Wright, Numerical Optimization,
Springer 1999, p. 43-44.
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Theorem: (Zoutendijk)

Consider any line search method iteration with descent d, and o satisfying Wolfe
conditions. Suppose f is bounded below on R”, f € C! on open set N containin

Ly={x€eR": f(x) < f(xy)} and Vf(x) is Lipschitz continuous on N, i.e., 3L >0

{uch that k )
X X < e 3
a IVF() ~ VAR < LIx-X|  vx,EeN RS2
Then S
> cos?(0) [ VF (x,)II* < +oe. ©6)
k>0 I / B
il
s k¥
w/owzllfa"‘ffk‘” —> ©
e e 179 T
= :Jg_'e;?;"g = £Run —> O
« e
3_}:—\;-‘ Lo ES ot Lan-ery — el = o Vo
MBlAE) st —2FEeD Ly | PPexud
e Je @re_FuRl CeQoa” o> +
Co T80 —2Fcxu) Shmactove

Consequence: The gradient method (cos 8k = 1) satisfying Wolfe conditions is globally
convergent.
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If Dx symmetric and p.d. Yk > 0 and 3 constant M such that

IDID <M vk >0

(bounded condition number), it can be verified that o S % Cagaa 7
to e el
COSGkZI/M. ~veron 3 da

In such cases Newton and quasi-Newton methods are globally convergent.
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Lol Lot |\
4.5 Gradient method (*m SeomeET )

Given f : R" — R with f € C look for a stationary point.

Gradient method with exact 1-D search:

Choose x,, set k:=0

ot/
| @xect wwmce e e o
Iteration k: N wmf sl
: S~ AT —oRern~

di = —=Vf(x,) 7 \/
Determine ay > 0 such that min,>o ¢(a) = f(x, + ad,)

-
EAL) satooct oL ovv ~elos
o

— =9
Xpi1 .—lk—i-ozkgk My i on PVl

k:=k+1

Termination criteria: ||[VF(x,)|| <& or [f(x,) — f(x1)] <€ or [[x,41 — Xl <e.

Property: If 1-D search is exact, the successive directions are orthogonal.~

Bonca we LB Lot — /
ity = DPCse oS s T = DPCrsted » Sl = ‘e

= e ® iu—:rvf(—\—u—“«\'ily:o _,g.ﬁiwmn!

s
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£ 6l

Example: zig-zag trajectory, very slow convergence

We first consider the case of quadratic strictly convex functions.
Any C? function can be well approximated around any local/global minimum by such a function.

Edoardo Amaldi (PoliMI)
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Quaderatic strictly convex functions:
C Co SR
with Q symmetric and p.d.
e Lo~ P
Ao El) CoNVR

f(x) = %xt Qx — b'x

Global minimum is unique solution of Qx = b (Vf(x) = 0) and «y can be determined explicitly:

w4

d(a) = f(x, — ag’ig@) = %(Kk - an(Kk))tQ(Kk —aVif(xy)) — bt(lk —aVf(x,))

Ogesuy” Tfosd
oy = —
,‘73"‘59.{“ R D feswd
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Convergence analysis

Often consider convergence rate of f(x,) — f(x*) instead of ||x, — x*|| — 0 when k — occ.

—s ) e OAROCon~entE
— @&m wlat €5 mamadtion

(.
Proposition: If H(x") is p.d., x, converges (super)linearly at x* w.r.t.
|f(x,) — f(x™)| if and only if it converges in the same way w.r.t. ||x, — x|

Indeed e
f(x)~f(x)+ (X—X)H(X )(x —x*) -
ANz ¢ s o g Ay orel
and 3 a neighborhood N(x* ) such th t T tRa W Seore

Mllx = x* 2 < [f(x) — F(x)] < Allx — x*[]> ¥x € N(x7)

with )\'1 =X —¢e¢>0and )\' = Ap+e¢&, wheree >0and 0 < \; < ... < Ay are the eigenvalues
of H(x*). ozt i E pe o

e AAOAN )
o P

N.B.: This equivalence does not hold in general (e.g., functions non everywhere C!)
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LQuaEIraticl strictly convex functions:

f(x) = 3x'Qx — b'x and weighted norm ||x||% := x'Qx.
8o ka, (, c?) \,N,‘-Cvervia, tent
Lls- ,’.qu = % [n— o) TR (x- »«“”)7 = .= Loy — Pes)

Wlole D cpae chivule we “"Qgg_g'?
v 2. axacts ARSI
P Y SN

Theorem: If gradient method with[exact|1-D search is applied to any quadratic strictly

convex f € C?, for any x, we have ||mk_>o<;\xk —Ax@ o oe m,e/ﬂ’.,ev&)ij‘ o
* (12 1 *12
Ixpr = x"lla < (550 IIKk - xlie, (1)
)\ -|- Al

where 0 < A1 < ... < )\, are the elgenvalues of Q

Proof sketch:
Zoutendijk's theorem implies global convergence.
Since exact 1-D search, easy to verify that
t
8.8
41 — X" = (1 - K ) lIxe = x|
" @ (g.Qe,)(eQ g, @

where g = Qx) —b = DFc=w)
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Then just apply Kantorovich inequality:
If Q p.d. (with A1 and X\, smallest and largest eigenvalues), for each x # 0 we have

(xtx)? 4Xn )
(x'Qx)(x!Q™1x) = (An+A1)?’

If &1 = Xn (Q = /), method " converges” in one iteration.

Upper bound (1) is reached for some choices of x, (Aikake).

Linear convergence whose rate depends on condition number Kk = i—’l’ of Q:
An — A1 k—1

= () = ( )

An+ A1 k+1

the closer k to 1 the smaller r; if the spektrum of Q is very wide then x > 1 and r zlﬁ
WANCOA e wc—rgf"N
oo~ o

r
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Example:

. _ 1.2 a2 . H 1 a
min f(x1, x2) = 5X;{ + 3%  with a > 1 and eigenvalues 5 and 3

4 -3

==

-2 0 2 4 6

Some points of {x,} for a =4 (top) and a = 16 (bottom), starting from x, = (
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[Arbitrary‘ nonlinear functions:

Theorem: If f € C? and gradient method with/exact]1-D search converges to x* with

H K*) pd, then B Nl ol & AIAAALL O~ g 7% %m-——&,*‘
DYDY 2

(xk+1)—f(x)<(HA [f(xk)—f )

where 0 < A1 < ... < A, are elgenvalues of H(x" )

We cannot expect better convergence with inexact (approximate) 1-D search.

o minimizin may not be the best choice, we could try to "extract” 2nd order information
about f(x).—\_ el om ommanma

,_ng&,m

Example: for f(x) quadratic strictly convex, ax = 1/Ak41 lead to x* in at most n iterations!
WNEN-9 %D R Ao Sy

an o wewcl. W
(e )W‘/,\MV/W@

Edoardo Amaldi (PoliMI) Optimization Academic Year 2023-24 8/15



4.6 Newton method

Let f € C2 and H(x) = V*f(x).

Consider quadratic approximation of f(x) at x,: - N TR R
1
q(x) 1= F(x,) + V() (x = x0) + 5 (x = 2,0 H00) (x = x,)

and choose as x,,, a stationary point of gx(x), namely

E Vf(ék) + H(lk)(llarl - Kk) =0.

If H(x,) is not singular, H™*(x,) exists and

@;;’; gk’—ﬂil@vﬁj

— 4

If H(x,) is p.d., f € C? implies that H1(x,) p.d. over N(x,) and iteratioﬁ) is well defined,
otherwise d, may not be a descent direction.
d _ & | Cormpri Rt Lo \
T2 TIS00) canenmart )
b Cost RN o~cR
-t.%f, Sxl e %W%Ai%

In the " pure” Newton method, ay = 1 for each k.

For f quadratic and strictly convex, global minimum in a single iteration.
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Federico Angelo Mor
so this is an exact search, as we compute exactly the minimization point of the quadratic approx


Property: Newton method is invariant w.r.t. affine and non singular coordinate changes
(see exercise set 6).

Observation: Newton method is not globally convergent, but very fast local convergence

if x, is sufficiently close to a desired solution.

Example: min,cg f(x) = — exp(—x2) with global minimum x* = 0 and f’(x) = 2x exp(—x?)
7 7 Cconn 2,
Capoha i Y
o o~ flexr
p ~ -
o - %o % _
T Xo X X
7
9 ¥
T T T T T T T T T T T T T T
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

If —0.2 < xp < 0.2, {xx}ken converges at x* = 0. If xg > 1, {xk}xen diverges.
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Alternative interpretation of Newton method (1-D case):
f(x) € C? and look for x* such that f'(x) = 0.

Method of tangents (Newton-Raphson) to determine the zeros of a 1-D function:

At iteration k, f/(x) is approximated with the tangent at xi
z=f"(xx) + " (x)(x — xx)

£’ (k)

Xk+1 corresponds to the intersection with the x-axis: xxy1 = Xx — 700)

n-D case: Determine a stationary point of f(x) by solving non linear system Vf(x) = 0 with
" Newton-Raphson” method.
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Theorem: (proof see Nocedal and Wright 1999 edition, p. 52-53)

et “Rscel avonn

Suppose_f € C? and x* such that Vf x = O and H(x") p.d. and 3 L > 0 such that

IHG) — HOI < Llx =yl Vxy € Nx')  SEgsssdon

o

then, for x, sufficiently close to local minimum x*,
i) {x,} — x" with a quadraticconvergence order,
i) {[IVf(x,)II} — 0 quadratically when|k — co.

\_,~"P/~) ~) \60,).? Wﬂew
ERFpeorE E SE e

Disadvantages:

@ If H(x,) is singular the step is not defined.
If H_l(gk) is not p.d., Newton direction may not be descent direction.

e el T8 TR Dnalotion Are

Even for a descent direction ‘@x = I may increase the value of f.

°

°

o Computation of H_*(x,) at each iteration ( O(n®) complexity ).
°

°

Only locally convergent: if x, is not close enough to x*, {x, }x>0 may not converge.
Since {x, }x>0 converges from any x, sufficiently close to any stationary point

with non singular V*f(x), it may converge to local maxima.
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For a comparison between gradient and Newton methods, see Nocedal and Wright, Numerical
Optimization, Edition 1999, p. 199.

Rosenbrock function
f(x) = 100(x2 — x)? + (1 — x1)%.

quadratic and nonconvex.

2500
2000

1500

Fourth computer laboratory: explore the considerable difference in convergence speed
between various line search methods.
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Modifications and extensions

1) If aue = 1 does not satisfy Wolfe (alternative) conditions then inexact 1-D search.
Cn sapolotce 0L 22 L,

L2 5 CSe covleancta

)
2) To guarantee global convergence (577 taenron)
- T pmw

/
d, = ~DuVF(x,)

with Dy # [V?f(x,)] ™', If Dy is symmetric and p.d., d, is a descent direction.
Trade-off between steepest descent and Newton directions:

@: (el + VF() ™ |
where e, > 0 are smallest values such that eigenvalues of (exl + V2f(x,)) are > § > 0.
Such g4 making Dy p.d. always exist. ~\_ o4 oo ~ra2o acesl to

Ot Eile- maets i<

Coincides with “pure” Newton method when getting closer to a local minimum.
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i ARan Faa T 25 O-R3 e
Ogrntoon A2
3) Trust region methods S

Idea: simultaneously determine d, and ok by minimizing local quadratic a
qk(x) at x, over a trust region on which gi(x) provides a good approximation of f(x).

oA TS
e CovCD <

[ comatTro
Example: By = {x € R" : ||x — x,|| < Ak} ot e
Illustration: JF I €5
[
\ Fo
///

MO Yy, (XD
ot xe Blo

In general, trust region subproblem minyep, qi(x) can be solved in closed form or it has low

computational requirements.

The trust region size (e.g.Ax) is updated adaptively during the iterations based on an
estimate of the quality (e.g. max |f(x) — gk(x)|) of the quadratic approximation over it.

g R S R i = Coreor Ao
— - SJolee et =) pamaslRe Jlo
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3) Trust region methods

Idea: simultaneously determine d, and ok by minimizing local quadratic approximation
gk(x) at x, over a trust region on which qx(x) provides a good approximation of f(x).

Example: By = {x € R" : ||x — x,|| < Ak}

lllustration: oM AR), a4
et
M,QL_;\_QAI“E‘ AT T IOSEN]
L
T

In general, trust region subproblem minyep, qi(x) can be solved in closed form or it has low
computational requirements.

The trust region size (e.g.Ax) is updated adaptively during the iterations based on an
estimate of the quality (e.g. max |f(x) — gk(x)|) of the quadratic approximation over it.
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4.7 Conjugate direction methods

Aim:| faster convergence than gradient method and lower computational load than
Newton method.
First consider quadratic strictly convex function
. 1 t
min q(x) = 5X Qx—b'x

xERN

with @ n X n symmetric and p.d.

Definition: Given n x n and symmetric Q, two nonzero d,, d, € R" are Q-conjugate

if/ d1Qd m&. Eecvoon S o
719:2,,, 0/\,.('(: > 0 %> 5 : kc
>
Example: b = X ¥2
K KD = 12 K2~ axZFt R — ¢4
=/ 2\ vt caRtOAD)
o e SR EY TR e () o B (B) o o
QEL"Q 2 &—,,TQS!-Z_"—'%O—_GQ:‘O =
o + S
v & we con o
[P SUcna Ao
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Proposition: If @ p.d. and nonzero d,,...,d, are mutually Q-conjugate, then
dy, - .., d, are linearly independent.

Proof: —p Y o S e D=2 tRon W Com e/t

Geometric/algebraic interpretation

If Q is diagonal, g(x) can be minimized via 1-D search along coordinate directions.

L3 //7 - N

Nocedal and Wright, Numerical Optimization, Edition 1999, p. 104-105.
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If Q is not diagonal and d,...,d,_; are n mutually Q-conjugate, linear variable transformation

X = aid

=

A TR — LT Loy €2t
leads to B -

/ = — oL S
4(a) = 5 Zad)Q(Zad)—bt(Zad)_ [4_0, LTS Cag= ey

o~
s L o a{-* g & aoncen

Bazaraa, Sherali, Shetty, Nonlinear Programming — Theory and Algorithms, third edition, Wiley
Interscience, 2006, p. 316
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Theorem: (Conjugate directions)

Let {d;}7-) be n nonzero mutually @-conjugate directions.

For any x, € R”, {x, }«>0 generated according to «ce vrof 272

“2 O~
k_ LN
X1 = Xp T+ Oékdkf\ %:»:vax"’w (1)
with > P L}\»wcn, \7(-;\/:;@&::”\’
&, 9k b
o = ——~ and g, =Vq(x,)=Qx,—b
Q; ng =k k ,
terminates to the (unique) global optimal solution x* of g(x) in at most n iterations,
that is
n—1
X, =Xo+ > oud, =x".
k=0
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Proof.:
Since d,'s are linearly independent, 3 ay's such that

X" —xg=aody+ ...+ ap_1d,_;.

0y FT R we et
W\)T&)JN\:—Q} )w oy = ( S IETIEIRTT ea )
SR C o~ - x> ore Roe =
B - S
o ST RCEToES
W = TR e

é——Qa,M
= QF‘Q_AMM— T\MQ_’—zrb ) %

bp—
s Eo = oo S o —F —~+ Xle—T
) &=
Corco Q — A=
o~ < Qo A SE ~
T xXu — K'a) =
= d™ R C -
e) W S e e )
S — g TQ(&“’-—&’I‘,\ _
- F o XK —ES) W R(ET e
o = Kl &{7(7 :-E,ffiiiffii j— __,:C;_‘,_Q <
WS T A e e <
= '&‘Zé&*g conca Jw= CyeED= @)_«‘_;_b_ o
TS tle Coct tewnt RK&¥Y =20
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Property: (Expanding subspace)

Let d,,...,d,_; be nonzero mutually Q-conjugate vectors. Then, for any x, € R",
{x, }x>0 generated according to
> t
8 - X X, + aud with o £,
Xpy1 = X kg k= ——F~"
k+1 k k 4L Qd,
is such that 1
_ a0 we St we
X _50+§ajgj Lo Seone
[minimizes/q(x) = 1x"Qx — b'x not only on the line /3:,:_/:
-t

{xeR" : x=x,_;+ad,_;, aeR} 7

but also on the affine subspace Vi ={x € R" : x = x, + span{d,,...,d,_;} }.

In particular, x, is the global optimum of g(x) on R". —
o QR tilaa /Z

= o2
RV 5 = e oo T _c ———do
Proof:
FToot on-ess
Lo §5) w2 omctﬂ)%w‘e*l Ao Bt u&/ezbgy&_w
S oo & %/MW\/ (7) we, o kuMMe/’!‘b T A A t'mj_
J=) onL C &’ ) o )

el
o @;t NS
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Property: (Expanding subspace)

Let d, ...

{x, }x>0 generated according to

Lo
ce.

is such that

|minimizes/q(x) =

but also on the affine

Proof:
Loca

X T O

S, TREE AT O

Edoardo Amaldi (PoliMI)

,d,_; be nonzero mutually Q-conjugate vectors. Then, for any x, € R”,

t
g, d,
X = x, + axd with ay = ——X
2ht1 — 2k k9 g k Qi ng
k—1
X, = Xo + Zafd/
j=0
*@x — b'x not only on the line
{xeR" : x=x, ;+ad, ;,, aeR}
subspace Vi ={x€R"

3();) o mtcueti2) Ay

o 2y xP)(x-57
co o2k e

Optimization

D X = Xy + span{d,, ..
In particular, x,, is the global optim of g(x) on R".

)=o
o

o dya} b

-
Sos s vReNP) ERN
Og s> = Kxu-b 2

& oo L)
%’;’, Vo V= Dis Vv
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lllustration:

) . L . . —
Consequence: In conjugate direction method the gradients g, satisfy gkg, =0
for all i with 1 </ < k.
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4.7.1 Conjugate gradient method for quadratic convex functions

Initialization: Arbitrary x,, 8, = Vg(x,) = @xo — b, | dy := -8, (and k=0

t
. . g4
Iteration: X, ,; := X, +axd,  with ok = —diQ; ( exact 1-D search )
Tk ot Eoos v ey -3
. — t
; _ i1 9%
Gkﬂ = gk+1 + ﬂk with By = i od, -
777%-“7$£W Dls AL, tRa ARIB P
H . ~e tL~a.
Observations: Sy e e

d
@ oy = 74%{% minimizes g(x) along line through x, generated by d,

dq(x, + ad,)

/ 2t
y = dQx,tady)~bid, = 0 = €O SR e
o

@ Limited computational requirements, no matrix inversions are needed

To show that global optimal solution is found after at most n iterations, just verify tha
- o P
directions are mutually Q-conjugated. Ot o jans
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Proposition:

At each iteration k in which the optimum solution of g(x) has not yet been found

(g, #0fori=0,...,k)

|) dy, ..., d generated are mutually Q-conjugate

.. glg e TERS melo ol Lo I
(”) o = =k 750 Gt Are Sas €/ tRe maxt Wl

) d} Qd,
iii) B = 5i+1(5t;<+1*€k) _ gL+1gk+1 Mm) %ﬁﬁ%ﬁ%&ﬁ
818k gkgk -:yva) CX SE el el RIS
N
n J'w-fwl/
e

Advantages: No need for matrix inversions, limited computational requirements.

Disadvantages:

- t or at least accurate 1-D search otherwise the directions may loose Q-conjugacy.
- The method is not invariant w.r.t. affine transformation the coordinates.

g, o O e oR0)

Fourth computer laboratory: compare the convergence speed of gradient, conjugate
gradient and Newton methods.
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~o CM/,-AA@M:'_@ WM (P —eegsna) s
4.7.2 Conjugate direction methods — &2, “22% &2t 2o
LR oo

ST ce
e ota (ol M)

For arbitrary functions with large n, approximate ax and x must not depend on Hessian.

Arbitrary x, and d, = —Vf(x,) me 0

X1 =X, +axd,  with inexact 1-D search and d, ., = —Vf(x,,,) + Bid,.

Most popular formulae for 3: oy DA S
E‘%s{:qe, W q»%‘
FR _ V)l
B = 7”w(§:)1“2 Fletcher-Reeves PTROC e ﬂf.esu
t _ X ..
PR _ Y fm““g?g:;ﬁg ) Polak-Ribiere

Observation: d, is a descent direction if exact 1-D search
Vi (x)di = —IVHF)IP + B VIF(x)dy 1 = —[[ V()P < 0.
o é,w L (orntene)

;’ For quadratic functions the met coincides with@]method.
wLoRe wa dousre o> [CD) ¢ xR~ T 9oy et s

Edoardo Amaldi (PoliMI) Optimization Academic Year 2023-24 10/16



For nonquadratic functions, Polak-Ribiére version turns out to be more efficient than
Fletcher-Reeves one.

Observations //wu‘c/wﬂ«vv"%

@ At each iteration it suffices to store x,, Vf(x,), Vf(x,,;) and d,.
o Foa~a

—ea ) we tala o
~pes, oot oot Al

@ Version with “restart” in which 8x = 0 every m iterations (m << n) is globally convergent.

When B =0, diy1 = —VF(x,,,) and all previous information _is lost.
Egl{gg n, we hope to find a solution way before n iterations!

s €L0n ONTOE RN O T
o Lo aarcwesSl oMt ;, Anaa Rooo

o~ CICe

Edoardo Amaldi (PoliMI) Academic Year 2023-24 11/16



4.7.3 Convergence

Convergence for quadratic functions

Let g(x) = —x 'Q@x — b'x be gﬂm_tgs_tgg/t_lugm@( with A1 < ... < )\, the eigenvalues
of Q, then I ——
>\1
[ ||Q<(ﬁ) llxo — x"1I% —age R oS
o I o BT
— R Vo SRV O
where ||x — x| = (x = x*)'Q(x — x*) = 2(q(x) — q(x")). - reL T TeaT e

If m large eigenvalues and other n — m “concentrated” around a X, after m + 1 iterations

IXmy1 — x*ll@ = ellxg — x*[|q with € = (An—m — A1)/2X, that is, we have an accurate

estimate of th tion after m 4 1 iterations.
. ~onre —Lorcan
lllustration: oV QAR Com = oA
gwm::iﬁ\ —eone —~— e~
- I e Loe, 02>
M L > "R
o  oa i Don-to Am-omt e e

P}
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Example:

min f(x1,x2) = 3x2 + 2x2  with a > 1 and hence eigenvalues 1 and 2

1

\

2
3
0 i
-2
-2 0 2 4 16

The sequence {x,} for a =4 (top) and a = 16 (bottom), starting from x, = (a).
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Convergence for arbitrary functions

1) If f € C* and {x, }x>0 generated by the F-R method with exact 1-D search converges
to x* with p.d. H(x"), then o

G A o o oteuetl) | ||7k+n — X ” 77 Il —enn Ctetory
Rscol — =0

oo | kILm ”X X*” TN e cwd I
oo _
[ S| WJW/ —o

namely convergence is superlinear within n iterations.Y

“S Q)
Soo-3

Similar result also for inexact 1-D search.

2) Global convergence of F-R method even without “restart” (for P-R?).

Zoutendijk's theorem implies:
For F-R method with inexact 1-D search satlsfymg strong Wolfe conditions with

0<c <c<1/2, we have
Um inf [V (x,) | = 07
k— o0 R
A sub-sequence has ||Vf(x,)|| that converges to 0.
U stoe o 2o,
Cnp pASmee

Edoardo Amaldi (PoliMI) Optimization Academic Year 2023-24 14 /16



Ll Do st %

4.7.4 Preconditioned conjugate gradient method

The conjugate gradient method (CG) can be accelerated by a variable changeg :75ﬂ

where S is n X n symmetric and non singular.

By applying CG to et Band S ot SRS
1 NS
h(y) = a(Sy) = 5y'SQSy — b'Sy

we obtain ~ N BAna et S
Vi = ¥y T ody “ " -

with oy determined by 1-D search, d, = —Vh(y,) and d, = —Vh(y,) + Br—1d,_, for

k=1,...,n—1 where
V'h(y,)Vh(y,)

Brk—1 = Vihly, VA, 1)

Setting x, = Sy,, Vh(y, ) = Sg,. d; = Sd,, we obtain the equivalent preconditioned
conjugate gradient method:
Xpp1 = Xy + oud,

with ay determined by 1-D search, d, = —5g_ and

gk:_55k+5k,1gk_1 fork=1,...,n—1
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where

Clearly when S = [ it coincides with the standard CG method.

Since Vzh(x) = S5QS, &0, .. ,Qn_l are (SQS)-conjugate. Moreover d, = Sﬂk implies
that dy,...,d,_, are Q-conjugate.

To achieve faster convergence, we look for S such that SQS has a smaller condition
number than @ or eigenvalues that are distributed into “groups”.

Recall: a good approximate solution can be found in a number of iterations not much
larger than the number of groups.
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4.8 Quasi-Newton methods

Instead of using/inverting V?f(x, ), second order derivative information is extracted
from variations in Vf(x).

Ay B
Generate {Hx} of symmetric p.d. approximations of [V?f(x,)] ™" and take
X1 = Xg + od,  with d, = _Hka(Kk)a

where o, > 0 minimizes f(x) along d, or satisfies some inexact 1-D search conditions.

Advantages w.r.t. Newton method:

@ since Hy's are symmetric and p.d., always well defined and descent direction,
@ only involves first order derivatives,

® H is constructed iteratively, each iteration is O(n?). 2% I Sae™ ananmeom
meA=

o Sl ¢ ean A FLOX
Teea)

Disadvantages w.r.t. conjugate direction methods: requires storing/handling matrices.

ot e~ € €Re. S
A DD Q cqG
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Idea: Second order derivative information is extracted from Vf(x,) and Vf(x,,,).

Quadratic approximation of f(x) around x,:

£, +8) & Fx,) + 8°VF(x) + 58"V F(x,)5,

. (w3 .
Differentiating we obtain
e
Vf(lk + é) ~ Vf(ik) + sz(lk)é-

— X( we Con AN~

Swoa@(wﬁfu% L oot i = e+ Ts e

— Lo et s R (HS —ea~a
SoOne @ = Zfcsutw) T LFxnd -
-t
Z % P*fe=w) e & [_\7"3‘%5;«37 D P Soe
. - —
M t'e"mM f'e,o«., Huw+e MWK

s Py ones Tt
[H—b.,-(—w WM%:;,.Mﬂﬂ.r;@ﬁ A Tw)

Since ¢, and 7, can only be determined after 1-D search, we select Hi;1 symmetric and

p.d. such that
Hi1y, = 6y (secant condition). (1)
_ AAnd S —»M‘f

/< \.,M«&

~—ao e ReS)
Hpy1 is not univocally defined: n equations and n(n+ 1)/2 de(rees of freedom. ( \ / s
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Ly I W o, I Ot Huw?

Simple way is by successive updates: & e &Cfm»bk i
(\/H
Hit1 = Hie + au o’ (2)

where u u® symmetric matrix of rank 1 and ay proportionality coefficient.

To satisfy (1) we must have — o ToY= T — HDn

Vi t —_ ~colen ~Ccolon
Hy, +auu'y, =9, e su-nEe

and hence u and (J, — Hiy,) must be collinear.

Since ax accounts for proportionality, we can set u = 4§, — Hklk and hence akutv =1.
-

= e S

Rank one update formula:

— ,(E/G,,,,\*)(g\&,ﬂj}*ff
9, — Hiy, ) (0, — Hky /
Hip1 = He + ul Sk —k

T

< Law (3)
(ék - Hklk)tlk — > fest =
I— |
Properties
@ For quadratic strictly convex functions, H, :9:1_ in at most n iterations, even with
inexact 1-D search. %M; H
@ No guarantee that H
’X r\nﬂm}

oo SNe e,
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Rank two updates

Hip1 = Hi + akuu® + bev v (4)
are more interesting. / ,
= Ju = HuZw
S — [agerd
To satisfy (1) we have () + eul)wmT + ()“() N7 = (J o €2 ST

— CATRA
*ék

Hiy, + akuu'y, + bev v’y BTy
c CroCoo

where u, v are not determined univocally.

Setting u = §,]and &: Hiy, | we obtain acu’ye =1 and bev vy = —1

and hence the rank two update formula:

(5)
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O St DO DU, o
€l NIRRT RN Op «— Lo
eradaonst

1 Jﬁk >0 Vk| (curvature condition),

Proposition: If

the DFP method preserves the positive definiteness of Hy, i.e., if Ho is p.d. then Hy is
p.d. for all kK > 1.

o Hw o 2L
2 PSSRV P \/\/\»77-?;‘; ?f';_e‘za’w A 5 AL “Cun)

Proof: e 2T Hp+v 2 7O
ce SO eaChan reto

sl

Tf Hie oo il I el S
2 05 A~ & Q0. U caCooyut ((Co Lotz
) T

- o eta Re) ¢
wa eat ( eiurene x < Frrncee

by 2

- hez™H 2 = sTao — f(*g—;Z\ =z o (#F)
= (”*4/;;;74? = g7 e

w)—fw—*

cse B e e IS

€D = 7

Ko eV o
o~
0 Sy SRE) ST —f & et
—p = rOUE- s Sl o v ¢
3o §T o> 7o ( oy STne cos) *
)~ o o = (55;
“ea ttena~
s 2 2 zzo W@‘,\J a“ww@’q"'u)f = /_3'
- == ° - Cwra () we o€

g TS
z 2 e
_?,'M&W\yfwz

Sonca 27 =
ces RO

AR oA, DR —oOASs —
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Fact: The curvature condition Qf(fyk > 0 holds for every k > 0 provided that the 1-D
search satisfies (weak or stron olfe conditions. . b
goed= T ’E — E_‘:’;
3(&9~.+-«S’l_7ﬁ(5'*)=223(5x=2&5 -
(225 - [EXT 20 (s FO =R T

Proof*:
For quadratic strictly convex functions, Y= Q4 implies éf(Qék = éilk > 0 because Q is p.d.
For arbitrary functions:
Weak Wolfe conditions:
f(xy + ady) < f(x,) + e Vif(x,)d,  (Armijo criterion) (6)
Vi (x, + audy)dy = @V F(x,)d, (M)
with0<c <c <1

Since §, = axd,, (7) implies
th(ikﬂ)ék > &V (x)8y

which in turn implies

Y8k > (2 — 1) Vi (x,)d

with (c2 — 1) <0, ax > 0, and V!f(x,)d, < 0 because d, is a descent direction. O
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Properties

For quadratic strictly convex functions, DFP method with exact 1-D search:
@ terminates in at most n iterations with H, = Q %,

@ generates Q—conjugate directions (from Hy = I it generates CG directions),

© secant condition is heredltary ie., H,fy =4, forj=0,...,i—1

o2 At o) Huw+w 2= Loy
J,vve CERon D SO
C o Ot Tu, oA Jh VRSN

For arbitrary functions:

Q if 6k'yk > 0 (curvature condition), all Hy are p.d. if Hp is p.d. (hence descent
method),

. . . 2 “
Q each iteration is O(n°), o o2 G500
@ superlinear convergence rate (in general only local),
@ if f(x) convex, DFP method with exact 1-D search is globally convergent.
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s et i Ra coes pis) R
+Re, oA Lot oA
We can construct an approximation of V2f(x,) rather than of [V?f(x,)]*.

Since we aim at By ~ V?f(x,), @MY@HQ = 1J

Taking Bxi1 = Bk + aku u® + brv v', with similar manipulations, we have:

cond JOVCINOp S t t
LS WS B — B lklk BkékékBk
o ) liék éinék _ROone wWARtLL ( )
@ oA -
which should be inverted to obtain Hi11 = g% Rrmrves

By applying twice Sherman—Morrison indentity
AflébtAfl
1+ btA-1a’
we obtain the Broyden Fletcher Goldfarb and Shanno (BFGS) update formula:

(A +§Qt)71 =A"1— A € R"*" non singular, a, b € R”, denominator # 0,

(9)

Hyi1 = Hi + <1 + 72Hk7k> 0y Hklkéz + 8, vicH

ézlk é’t‘lk éilk
Indeed Bk+1Hk+1 =1if Bka =1.
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The BFGS method has same properties 1 to 5 as DFP method.

In pratice, it is more robust w.r.t. to rounding er and inexact 1-D search.
o AEGS ot Ry o
—Llaourre~ €Lor dDF R

BFGS and DFP are two extreme cases of unique Broyden family of update formulae:

Her = (1 — o)HPEP 4+ 1BRGS

conn~ex Conl~ « P
with 0 < ¢ < 1. DER ok bpqs?ivm-»%

Properties: (Broyden family)

@ Hi1 satisfies secant condition and is p.d. if éilk > 0.

@ Methods invariant w.r.t. affine variable transformations. ot e,

@ If f(x) quadratic strictly convex, methods with exact 1-D search find x* in at most
n iterations (H, = Q') and the generated directions are Q-conjugate.

@ Quasi-Newton methods are much less "sensitive” to inexact 1-D search than CD

ones. cod —Cne tROn Tl arloEon)
(U Rins o @ ~ARA) m [ )
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Convergence of quasi-Newton methods

Complex analysis because approximation of Hessian (inverse) is updated at each
iteration.

Convergence speed for {By} or {Hi} with inexact 1-D search (Wolfe cond.) where
ok = 1 is tried first:

Theorem: (Dennis and Moré) o O o 20
e ti2esl Qe s (nae

Consider f € C* and quasi-Newton method with By p.d. and ax = 1 for each k. coe T
If limk—soo X, = X* with VF(x*) = 0 and V2f(x*) is p.d., {x,} converges superlinearly if
and only if T R e
B = VRN,
koo lldll

0. (10)

| (D .
If quasi-Newton d, approximates|Newton direction well enough, a = 1 satisfies Wolfe cond.
when x, — x*. 2 @ ,
= - we deamt ool Pu > DELcET) st janst
(B Qo ) (o DFPARMNNRITNS
2 MM)&&M sCong Fra s Hio
Observation: No need that B, — sz(g*), it suffices that By's become increasingly accurate

approximations of V2f(x*) along d,!
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The necessary and sufficient condition (10) is satisfied by quasi-Newton methods such as
BFGS and DFP.

Comparing the convergence rates of gradient, Newton and BFGS methods:

for Rosenbrock’s function, see p. 199 (Chap. 8) of J. Nocedal, S. Wright, Numerical
Optimization, Springer, 1999.

Global convergence:

Under some assumptions, can guarantee global convergence for arbitrary functions with
inexact 1-D search.

In general "classical” globalization techniques (restart or trust region) are not adopted
because no examples of non convergence are known.

Widely used: quasi-Newton methods with BFGS and DFP updates and 1-D search procedures
satisfying Wolfe conditions.
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5.1 Example: Design linear classifiers and train SVMs

Support Vector Machines (SVMs) for binary classification.

Trainingset T={(x',y) : X €R", y' € {-1,1},i=1,...,p}.

Linear classifier: Suppose T is linearly separable
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If T is linearly separable, H with largest margin (min distance from H to any x') is the
most robust w.r.t. noise.

T2 S
IR
[ ] v,y A
® ® . 4 .
o & \ <
S0 /~
o° G 7
e R s
75 ,’I\
[ ] @ 7
7 o © 9
NS S @
S S e @
,
> e © ®
: 7
¥ I
4 /
ON /,

Since width = 2, hard-margin linear SVM training:
Twll —)v«—& i 2V training -
D O AN —  oid e —ssih
t—%% corn & T2 DA Ay AARAUONN
= A =
Twnz = 2

AR St = AR .
Pt SelwTEe—b)—L=o P (&oﬂ&ﬁm ,,Ww>

\dbe M
c m_ .
}%m >R ;evwv-.zv\-

nwr®

Remark: H with maximum margin is completely determined by the support vectors
ol ol e tRao #= 331,—,2;_
NSO

i
(ClOSESt X's to H)- mxf?ﬁ Loal “eon e
L e el o Rl T

Academic year 2023-24
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Decision function: h(w, b,x) = w'x — b.

Extensions:
1) Soft margin for nonlinearly separable T (not convex)

2) Nonlinear classifiers by applying kernels.

See Computer Lab 5.

For other applications see e.g. Chap. 6-8 of S. Boyd and L. Vandenberghe, Convex
Optimization, Cambridge Press, 2004.
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5.2 Necessary optimality conditions
© oo _7.“_,3&29/\/\/\'

AT~ CAAN
Consider )
r;;n . f(X) 7
st. gi(x) <0~ iel={1,.,m} (1)
xER" L [ .
'*Vja’_‘)fv\/ew‘/::\/ﬂuu:\fe—&lo ZJNE994
where LgLﬁ\CL -

Assumption: Feasible region S = { x € R" : gi(x) < 0,Vi € I } # ) but its interior
can be empty.
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S e e e
Definitions: Foreachx € S
°[2(xX)|={d€R": 3a>0suchthatXx+ad € S, Va € [0,a] }

cone of the feasible directions.

re R Ccormsr wtuee, oo
Cooronerad ot layianslst)

o /(x)={i€el: gi(x) =0} C I set of indices of the active constraints.

o DE)\={deR": Vig(x)d <0,VieI(x)}
cone of the directions constrained by the gradi of the active constraints.

Dy, ey I Fa 52" <
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BT e
Definitions: Foreachx € S

@ 2x)={deR": 3a>0suchthat x+ad € S,Va € [0,a] }

cone of the feasible directions.

re R Ccormsr wtuee, oo
Cooronerad ot layianslst)

o /(x)={iel: gi(x) =0} C I set of indices of the active constraints.

° D(x)={deR": Vig(x)d <0,Vic I(x) }
cone of the directions constrained by the gradi of the active constraints.

J(x)—_—xf:-o

oY)

Ca clnor
MM

wlue €2 ST

£ oA
)&rg):%& Degd: 1///11 gpcs) - (-FT) =e

\. S s oIV bt TR a2
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Property: 2(x) C D(x) forallx € S.

Proof:
Given any d € 2(x), for sufficiently small o we have
O= pu (F=+odd= d&yﬂé-/)—f—wfd‘(f)fg( S Ce)

vieeT &)
= 9/2(;1(5)*91":0 e pirE) = O
a—

o/ 2o

__) OJ’":’EDTéSO eI o)

—

= Cat O Ete)éf&_) ol Ce~ca K)(?:()Sbrf).

_ c Qoo €, ERar e
& c. — - —
%Mevo,\,‘? 52),\,: et Kemy = Do
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Not all d € D(X) arefeasd)le/___%dﬂ*e_ctlgn‘s f A xmarRe OFf —xa

Example:
gi(x)=—x <0

o(x)=-—x<0
gx)=-(1-x)+x<0

At x = ( (1) ) we have 2(x) = {(o,0):a <0}
Somen Bpa (557(R) owd BprFI=(Z) we TS

Wes> © Desy =508 xems
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Theorem: (Extension of first order necessary optimality conditions)

IffeClonSandeoffonS,then

@t(g)g > 707;@@7

that is, all feasible directions are ascent directions.

A QAN AL e consl)

Proof:

The result holds Vd € 2(x).

For every d € 2(x), 3 a sequence {gk} with d¥ € 2(X) such that limy_ o dk=d.
Since VFi(x)dX > 0,Vk, then limy_ o VFi(X)d* = VFfi(x)d > 0.

But 2(x) is difficult to characterize.

CE) Do ~29)
Wt{’;’zb > AR AL AT

ey
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Since D(X) is well characterized, we introduce further conditions.

Definition: (Constraint Qualification CQ — Zangwill)

The constraint qualification assumption holds at X € S |f\ D()j
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Theorem: (Karush-Kuhn-Tucker necessary optimality conditions)

“CoarRe TOS o~
Suppose f, g € C* and CQ assumption holds at X € {x € R" : gi(x) < 0,Vi € I}.
If X is a local minimum of f over S then 3 w1, ..., um > 0 (KKT-multipliers) such that:

VAE) + Y uVe(x) =0 = { o ’_((XX))J;%LV‘I.“Z’IJ’(X) )

i€l(x) N,
= 1 “/ o “”{-V‘)M(u%! e 2

E Dfesy = S () Dpucs \ 0o €8 _, CRAE A
fes WETCE) £ ) ( &=+ W"““”“’“")

X must also satisfy all the constraints gi(x) < 0,Vi € . awr ey ors S
U o = mwz —Ce g ’ POOVTS %/M
e e:e»—e/%u o) O 730/\“«“ 5 Ay et

Geometric interpretation:

N P EV=O
\/ — w2 Tl E\AJ:;)':M,: € = e

N\ = R o—os*a:.-;; o PRI
- “*m o-C~ A o0
Cobone L2PurE) o
&) we c,vc;_‘ep o est 2PEY

PPy € cove (D LD -"'CGI"J)

& I Lo

| =y N I

gy = | é—% ol W :;_j_:,.,e, Comrbv
E) St ¥ e ST

FrCEN=O
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Theorem: (Karush-Kuhn-Tucker necessary optimality conditions)

Suppose f,g; € C! and CQ assumption holds at X € {x € R" : gi(x) < 0,Vi € I}.
&

If X is a local minimum of f over S then 3 w1, ..., un > 0 (KKT-multipliers) such that:

%) _ ] V) + X, uiVei(x) =0
+ Z U'Vg' K =0= { U,'g,'(X) :Q Viel

iel(x) C

X must also satisfy all the constraints gi(x) < 0,Vie€ l. /

(
Geometric interpretation: wml o =S %ﬁ%“"“‘f&ﬁ% ot

)

oRe
Lu—s e W
T&A‘M\tijég_
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Proof:

Assuming CQ holds at X, we have Z(x) = D(X).

~rac Lt 'f/o«v —
NC for X to be a local minimum of f over S is debde (cl:'& W(A::M'ﬁf/;)
—
Vif(x)d >0, Vd suchthat Vigi(x)d <0 Vi€ l(x). (2)

Farkas Lemma:

Ag:b) h luti PN b'd >0
gzo/ as a solution Vd such that dfA >0

Hlonlonne, ol~ant t=Ra. vt o ¥ =% L
—tecora we cor tele

DPcES + = s ZpeE) =0
[— wexr cE)

b - or 2 S
b ~ o o2 .,
A t/!&&l,‘fc‘) _VJ?‘Q“/’)) -1Ti=e &%
[

fetn
(2) oo Wm_@vf
“ b7 - o viep™: 37TAZO 2%)

o~
e e T gﬁ.e,‘b‘,ea%,mg&/ we
‘L w z e A= 2 ) DR CE)
(2®) & T ZP s ff,g)=_é_)( sy 2R
?) qmu.— weTCxE

Edoardo Amaldi (PoliMI) Optimization



o)
ZFtxf-2x0

Example 1: i
min  f(x) =x1 + x2
t o) =x2ta@<2 LU e
S.t. g17—1 X2_ o;_we,f\;/:";"v&’m»‘s

2(x)=—x <0

I o s 2 avust ARAUSP)
KKT conditions: 2 cow~ fwt—\):@«a
we cnne ERa

NS,
w2 o
—_\ = T o= Ron~ R oA
) D pe €5 =© o ERe
(- 3 R

ppeEd + =

wLex L)

“’ /%) -+ [w%[fg“) +W$(—?LB7 =°

__'z> =O

|
‘ el o
ot gurE) = v RKE S S

wa Pa(F) = w2 (-#2d =9
Wb \ wz o 2P =(:f) 2x4
sz Jres gofq(g)-v/zn.)
[ 2pe )= ()

KF+4 HE 2= ©
—x2xo

Optimization
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(1) (32 ) +e(%)=(3)
n(x2+x3-2)=0

w(—x2) =0
X12 +x22 <2

—x2 <0
up > 0,u2 >0
Four cases:
(c«) LxTL =
/cq> “inm= o

[§y+ £ o = (2) = (3) et
4338 o (wy+or 1w ()T =
(c32) :3;_3‘; =5

R
&Y+ e EESY* o= ()

€A 2K =2
e e o~

e V%

[ORSNN W, =
2z 55 =
reey wszo? AV

7
“wn Z
R B S SRaRst)
w77~>) = ;‘_‘7__,,;79._-2-:0 = -eu/r:réfﬂipb,
<2 =90 S K=o A—’( o>'
W, nsi~ &lach TF O ol SAE
2 —esl) o~

3
Lz e
o atca —— A YD

e AR
[ wﬂ%f
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(1)n(32) (%) =(3)

n(Z+x3-2)=0

w(—x2) =0
X12 +x22 <2
—x2 <0

up > 0,u2 20

Four cases: o or
W onc \

cc -—M“>°/ _ )
( )w'??QJ = ;.17—_4.,(.;7—2=O ) é"r‘—.‘,\l’it‘o‘A ’(QB
x2=o S Lr=o0 5 ’( o)' o
A 2O A
\,\);,&;vvsvd C/)e‘c(,\_ T %ﬂ?_ RPN

DS e

Ao peyemn (Y AR (D 2 21T

- -
g = z_é’\-oM
-2z o? = S wo =W

e ('::.3_,..”:4.( i2> _éw'z(_w.) /o) =) W;"t %—’7" ool

ez Jz
conAdsstette
onR) B oo o PO G
) ,,.{:v,v-\' ( ot Z/"N&M(,‘MMM)
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(
rlf CQ assumption does not hold at x, KKT conditions need not be necessary for local

/ optimality.

Example 2:
min f(x) = —x1
sit. gi(x) =-x <0
2(x)=-—x <0
X
- g(x) = —(1—x) +x <0

et ©SeEd D f&u;) Con '5::[?5)
R s WU e

N A 2
W c,j\ze_c/@:"’
st
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Cosio Ss ve clacl i B CR sy {
int Qualification)

Sufficient conditions for Constraint

Proposition: (
(Karlin)

1) If
@ all g; are linear functions
or
° wasuch that g, ) < d’&)l €l, (Slater)
CQ assumption holds(at every x € S/
i € I(x), are linearly independent, CQ assumption hoIdsEi €S|

2) If
t.Qo_/ w«l@vﬂ— %’, 2

N.B.: When the gradients of the active constraints are linearly independent

KKT multiplier vector is unique

Academic year 2023-24 16/1
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/ WW _,\Ng—&-l{m,« S AN AT A2
cora

/ X
Theorem: (Necessary and sufficient conditions — convex problems)

1 1. \ Seote o
IffecC ; € C” Vi € I are convex, and 3 a such that gj(a) < 0,Vi € /, then
x*€Sisa gﬁ)@:ﬂminimum if and only if Ju, ..., um > 0 such that

ARNTOAR) R
Ll T oo
VI (x")+ 2L uiVei(x") =0
uigi(x*)=0 Vi€l

+ (e & (w22)

Proof:

— — Ll
S ST o o (Rse) v, €L~ =V o oruene,
(=) A SOy EBRA@Dr BRI O LA -

(&) TP nh Lsne TR LT covde O Coow CR ovdl Y

erkvy—i zo bPAeRceT)= DecxT) (WWW et

Vlssloe =T wom €l (250D avvar

For Linear Programs, it amounts to the complementary slackness theorem.

Remark: Result holds under milder convexity conditions (f pseudoconvex and
the gi's quasiconvex).
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If_f_is not convex, KKT conditions are not sufficient.

Example 3:
min f (x) = —x?
g1(x)=—-24+x<0
g2(x)=—x-1<0

EEREREENU
|
\J/

;xe C-¢.27

T cou

- Ll
Qt x= - t%a ==

S o rte 9SOt 3
o AN
M)
u%( W./:(J:&) Pl s JP RS
Conl Lo &2T¥—
%JM)
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ISP

oLl
General case « SlEe caroee

Consider -
min £(x) ]
st gi(x) <0 iel={1,..,m} ‘w

‘ h(x)=0 lelL=A{1,..p}

L xeXC R’j,,,/——//”*” o ,\,

— che’/”v/
When nonlinear equality constraints, usually |7 (x) = {0}. yrd

where f, gi, h; € ct.

Extend previous results by defining cone of directions.
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Definition: Closed cone of the tangents at X el Il TS o
Coov e wlr—

7x)={deRr  d=Atim X % ,\>om — x with x* # %
X)=deRd=Alm re—sp 220 X SR X with ' #X
— —— e

e St [ de BCE) ol T o \
FO sV | Cxuy 2 & , R e cramns T \
E WV‘MD‘.& "
C o

¥ _ :)

Definition: (Constraint Qualification CQ — Abadie)

The CQ assumption holds at X € S if |7 (x) = D(x) () H(x) where
LS > _2q . ecAu~
Coonay) SevaiDs .
JecEy = er™: ggucEY-d=0 peel 00 20 By DA SR
£ - (e B, SRS

Besr= fLenrm™: Dgaecssadso beeTaE)Zon e
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Theorem: (General KKT necessary optimality conditions)
one oLl

Suppose f € C', gi € C* Vi, hj € C* ¥/ and C _Q@éggofn_tm@sw
If X is a local minimum of f over S then Ju; > 0, Vi € I(X) and v; € R, VI € L such that

VE(x) + Z uiVgi(X) + Z viVh(x) =
/ ielx) L

y o -

N.B.: If only equalities, Kk\T conditions coincide with classical Lagrange optimality conditions.
e \/:eej o MQW:::M- "f(i/i_ o> o
Example 1: G O TEIR R FS <

min  f(x) =x1 + x2
s.t. X21 -+ X22 =2

_ 03"(»—5:(.711>
LBgcx>= ot
gew == A "“>

( Kamro et e Wt
._\;,,J_ 5 l.-—&a. Corrcor s
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Example 2:

min  f(x) =x1 + x

st (xq—1)24x%—1=0 B« c=C4®
(1 —2)24x% —4=0 »=2 C7(%,9)

Gen toa LU ot f\
eIl o

"

ge.‘(&')=['§)

) |
78, Q*"“{’j) / }\‘

— Ofca™)

,@/a—r‘l’um”e
et (%) "')n;—e Oy
net ( -90)/”\@ € 7
gt
=) F e, v et R bl b=
S Lornad Con S k)
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Proposition: (Sufficient conditions for CQ)

e Caov-eLa.
@ If gi convex, hy linear and 3a € X such that gi(a) < 0,Vi € I and

hi(a) =0 VI € L, then CQ assumption holds at every x € S.

e If Vgi(x), Vi € I(x), and Vh(X), VI € L, are linearly independent then
CQ assumption holds at x € S. L o 60> Mié“”m%

Comrin o5 o-Au~e
=l
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5.3 Sufficient optimality conditions

Generic NLP

min  f(x)
(P) sit.  gi(x) <0 Viel={1,...,m}
Cormtine

where X is an arbitrary subset (even discrete).
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v
L 20 (e o) 2 ST
Definitions /5 e AT AT

oA
/ __vo\(;;:g_/e,av-d3 Rl atad
@ The Lagrange function as{sociated with (P) is

L(x u) = f( )+Z,€,u,g, x)‘{Vx e X andL/>

N.B.: u > 0 since g (x) < 0. R ey

e (x,1) with X € X and @ > 0 is a saddle point of L (x, u)

if (L/'(Yﬂ)if L(x u) Vx € X and Zui:g)?L&Q—)} Yu >0,

that is, X minimizes L(x,d) over X and u maximizes L(X, u) over R™

\s -~
En oy N ot oo
lllustration: e

Edoardo Amaldi (PoliMI) Optimization Academic year 2023-24

2/7


Federico Angelo Mor


Federico Angelo Mor


Federico Angelo Mor


Federico Angelo Mor



Proposition: (Characterization of saddle points)

(X, @) with X € X and T > 0 is a saddle point of L(x,u) if and only if

|

|
| | onlhu
20 ALt (onle W ”/()

) L(xD) = minl (x,0) S Ghre 5 S S

i) gi(x) <0 Viel % £ OSSN Ak ke S
“ f e

III) ljig,‘(X) =0 Viel P{\ o wlfwfﬁ;ﬂ:

(X o & N S ((EF e =

Proof*:

(90)~rs i Ff tRa R
G AR Y 7& tﬁ%‘% A e ar ad e~ RN R0 D
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o ) PRveng memant
Theorem: (Sufficient optimality condition)

If (X,T) is a saddle point of L(x,u), then X is a global minimum of problem (P).
e X

D LeE s dx Llx 2D

. rocaa () £
Proof.{_'%:\»&bu N
— = e cxd Pre X
_ — e = ex Y+ 2 e .
- )+ 5 g ) E PN 2
SrosrSy = 7 L e <
o =
%cﬁ""‘:"(;)
s parx) bEEX TN 4 on elus
L EE so SRS R

_ y -+ =
Fesdss fo 7 o5 ZE 7 5
zo R WOEE e Cey S O P
R e RRAA corn?

-

zo e Lo~e

« Lo e O >y
et ~ s vt €T
Pe> = o= V:“Sif&”f‘?{oﬁ =
e S oo Eon

eeQ/ur\/w_(/evv\ rP)

Observations:
@ Result applies to any mathematical program (convex or not, with f and g;

differentiable or not, X continuous or discrete,...).

@ For some problems a saddle point may not exist, in general for nonconvex problems.
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Example:

min  f(x) = —
st. 2x—1<Z0
0<x<1

where g(x) =2x —land X = {x : 0 < x <1}

P+ ég o fu () = /II[;% (-=x¥)+ ~(2x-2)
e

Les, wd=

Ll Um oo~ it X ) Mm‘-tj Lo, wr)
o w2 <ETY,
(Con~ o Cox >) o asclad ov o~ exiTeva

luRs e o ) DA s"'=“2‘ Lt F st -f;fvf)o
z
= .Mmml oo M/Q)

Theorem: (saddle point for convex problems)
eroon Coenrtle et
Suppose f and g;, Vi € I are convex, X C R" is convex and Ela e "X such that € X such that g(a) < 0.

If (P) has an optimal solution X, 3 @ > 0 such that (X, @) is a saddle point of L(x,u

s Qs vEC L SUFR
L QALY o
(Cafae Lls o corCorre Qo)
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Connection with KKT conditions for convex problems

T o wntieco Co el ~aint
and da € X suc

€ X such that g(a) <0, then X is an
optimal solution if and only if X satisfies the KKT conditions.

If f and g; € C" are convex, X = R”

: = — T zo @ (5 L) e o
Proof: = ‘,.;/, W‘(t'/ (_,) = avve 2 - LTS

(&) Do €8 SUP Cadiunn @0 2888l srfum R

(c‘))‘dt‘/\)o't'—QQ/‘ﬁ %f-%zvv\. e o o=
Caxdntoo~te S o AN L S8

z
Sonrca (L (B) = f(‘);) —+ Zux.:,dg...:fs) = %(‘53 + L e £r53
W Lo X,

2. Cain Losli ( due o causldoon cy) s R
mw ST R IANPONIANE, (| e R epn

D Le£, &=
WL Cln  Can Uiy SR TR LT cansLEAS

O fes> —+ Q{T Sy = 2

oA R CW OmmanstuLRan e lds ot oo Caaoe Rt

N.B.: 1) Without convexity assumption a stationary point X may not minimize L(x, 7).

2) KKT multipliers are then identical to Lagrange multipliers at the saddle point.
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5.4 Lagrangian duality

Generic NLP:
min  f(x)
(P) sit.  gi(x) <0 Viel={1,...,m}
xeXCR”

To any minimization NLP we can associate a maximization NLP such that, under some
assumptions, the objective function values of respective optimal solutions coincide.

Tackle the primal problem (P) indirectly, by solving the dual (second) probIem.‘

To try to solve (P), we can look for a saddle point of the Lagrange function.

/
oSl S
ol B
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Dual function:

w(u)=minl(x,u) VYu>0

x € X. Con o) 2D e Coxy W
X N2 et
yfw LEbTEr e

Well-defined if, for instance, fand the g;'s are continuous and X is compact.

Search for a saddle point (if 3): 2 oLlaetugy gwu%ﬂ_wﬁt:
max W(H) “—ze [ xe X< Lr:\:‘u—ﬁ)>

Dual problem: (D) { u>0

N.B.: w(u) and (D) are defined even if no saddle point exists.
(o we Lo~ e~
R e S SONY SIS Tires A Sl SR PR SO
cCe  ‘Crarchumn W) anR) Aast o sl
PamrRAtUE S, 85 o taAsSe — 2L

Observations:

1) Different Lagrangian duals of (P) depending on which g; (x) < 0 are dualized.” )

Choice affects optimal value of (D) and complexity to evaluate w(u). """”i’:_"’%
AN

s sant
29 DAt o

2) Lagrangian dual is useful to solve large-scale LPs and (non)convex/discrete
imization problems.
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wew®)  Lesw)
R

Theorem: (Weak duality) . e e
For every M and(g >0 of (D), we have[vﬁg)g?@

Proof: (=) d\_g._@,vq*’u-&’v\o ~§> Hog oo Ca~Chu oA V e
.
Wy = ovom (aéf),)_.z—w"'opo—)) Fexd +::"’3fk) (=

—
o S xESD
e ~eaon—ee)

B WP pridro €@ we Lo weww ) = gfeasd.

(e Fooier €5 w>2)

In particular, for every u > 0 we have w(u) < f(x*) for an optimal x* of (P).
~o o —CatN o
= € T SN S S1 e (s ) ol
Consequence:

If a feasible solution X of (P) and T > 0 satisfy @g’)’ = gi, X is optimal for (P) and @
is optimal for (D).

For Linear Programs the objective function values of optimal solutions of (P) and (D) coincide,
for NLPs this is not always the case.
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Theorem: (Strong duality)

i) If (P) has a saddle point (X,@), then — 27 S22 577 Tk B

{ 276 (@) = 9] = min {7 : () < 0.x€ X}

ii) If 3 a feasible X of (P) and & > 0 such that w(&@) = f(X), then (X, d) is a saddle

point of L(x, u). o eus TRa w?%fdf,:%:
WBFS= FPoacw) =D =" o 2 e
Proof XY Sunca (5,H ) wDn o A et v Care €A
e = Lesl &)Y = [Sparon LCa B o Cpvn

_ = =y = =) = ) ovonn FeE)
R 2 e w pTaesy < gy = fo 10
=0 ‘Crrnr e ( seX
clnC3) o
o wew )= FE) ot cordiiuon)

Bo » ueol HUSCT) e Cane Wiy S fPes) FuZ=

oL W,.,_g):{rmﬂxw/-é;)
~t w20
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(o) ?<wes —Co o

(e €8 A LITerent)

R w2t $ (PY)owd w=2 st wiE Y= L)
Py dagnotiion P i) we “Sene

By = Py ETFE) ve=e X
“Fon

L= >

(I

I \X‘

e “Co~e

L

weFY = Posy 4 LTRLED
=D wsy —FeEr=2 =

T p s )
- =
ceon () / 20 I5 eon £ Wl
= WKhgpFy=o bieT T eaaooRa B
- _ — Uy = WO &, )
Somce A 22, pulFEIse bLeT onsl WOEY S L) T LTk clwr )
ceo~ 2>
~o 022 &Ko
= e e s

»7,.;,;\,'{'4
) wan e M_M,'T@)Mt'
Consequence:

e “CoarobfLe qornt
If f, gi's and X C R" are convex, 3 a such that g(a) < 0 and (P) has a finite
optimal solution, 3 a saddle point (X, &) and i) holds

{zazxgw(g) =min{f(x) : g(x) <0,xe X }.

N.B.: Strong duality, the optimal values of the two objective functions coincide

In general, we can have a duality gap (< instead of =)
o ‘Q{l\, Ao —

Lo
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1) (M xp+xi
s.C.

ZXgt R K =4
Raczr= qu-wva—‘i[—‘—‘,,ofl

26408)

o4
P i

e fu E)
'frs)-‘—q%;: &

Lix, )= %5+ % 2 aumg+ansy vfa
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=4y
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eeel
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HiN =LRg +%Xg

Se. Ke+ x,_-S[-/Q’Z «

(xe)ex={(2),(2),%),4),(),

@« x%=(}), fu)e-2
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xeX -3
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Since under certain conditions we can solve (P) indirectly by solving (D)

Property 1: The dual function w (u) is concave. oo AR

Proof*: ol e o %’V‘-@ s
- :Snrd’“‘z (aswﬂa/&t—w-"m
el (P)

Observations:

@ If X CZ", w(u) is not everywhere continuously differentiable. Concave piecewise
linear function, lower envelope of a (in)finite family of hyperplanes in R"™!.

@ In general (D) is easier than (P).

@ Since w(u) is concave local optima are global optima, but need for ad hoc solution
method: subgradient method. cco e coe esced }wmb» Wﬁm

Edoardo Amaldi (PoliMI) Optimization Academic year 2023-24 8/10



£*> MR BRI T
Property 2. For &i € RT let X (i) = {x € X : f(x) + d'g(x) = w(i) } then

[/()i)z is a subgradlent of w(u) at & for each x € X(&).

G Wt 5 axtee R, _zcwvfw
5oL e A~~~

i~ D eatTun~e, )

Proof*:

Observations:

@ Every subgradient of w(u) at &I can be expressed as a convex combination of the
subgradients g(x) with x € X(@).

@ If w is continuously differentiable at &, X(i&) contains a single element X and g(%)
is the gradient of w(u) at .

Edoardo Amaldi (PoliMI) Optimization Academic year 2023-24 9/10



Summary
@ In general (D) is easier than (P) — even if no saddle point exists.

@ If a saddle point exists: we can solve (D) and derive optimal x* of (P)
by minimizing L(x,u") over X, ensuring gi(x*) < 0 and u/gi(x") =0 Vi€ I

@ If no saddle point exists: optimal u* of (D) gives a lower bound w(u") for f(x").

Find u® > 0 maximizing w(u) by using the subgradient method that generates

{u*} = u* when k — oo.

For each u*, we have a lower bound w(u*) for f(x*) and we determine x* that

minimizes L(x, u*) over X. (Q, NP SO 2

/ Lo, Tlornls
A

LS et

To ool T N i goﬁ*)

LIS
— wiwe2)
L resany

-
|
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5.5 Second order optimality conditions

Nonlinear program:

min f(x) s
s.t. g;(g)gofielz{l,...,m}
(P) hi(x) =0~ €L={1,....k}

xeXCR" ¢
with f, g's and h/’s of class C*> and X open subset of R".

Lagrange function:

L(x,u,v) = f(x) +Zu,g, x)+ZV/h/(X L)*‘UE(X)*' (ﬂ

Hessian submatrix w.r.t. the variables x;:

W
o~ 2
22, Lesisos = (0 g (B e e (2 e 2 0e )
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Second order KKT necessary conditions:

£ o &
If X is a local minimum of (P) and Yé@with i€ 1(x), and Vh/(X), with | € L, are

linearly independent, then X and some (4, V) satisfy the KKT conditions:
Eon €2 CR oo tolome €Ra ka—c——/ﬁm

=0

oM
MMJN‘-@‘A’b

Vil(x,u,v) = x) + Z uiVgi(x) + Z viVh(x) =0
i=1
gi(x) <0 iel={1,...,m}
hi(x) = lel=A{1,... k}
uigi(x) = iel
u>0, veR"
S 2T
Moreover, every d € R” such that
Vigi(x)d <0 i€l(x)
Vih(x)d =0 lelL
must satisfy o~ elone Fi SR
dtVixL(X, u,v)d >0 AR et = =S
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Second order KKT sufficient conditions:

Let X satisfies with (7, v

If
d'Vil(x,0,v)d > 0
Vig(x)d =0 i€ lt TH&E e weet
Vigi(x)d <0 iell
Vih(x)d=0 I=1,...,k

where I" ={icl : uy;>0}and I°={i€ ] : u =0},

then X is a strict *Iocal minimum of (P).
R
lscnl 6n ELSma, Corndruois S5y );—"4'

Goy B . SRS ke A oee

See Chap. 12 of J. Nocedal and S. Wright, Numerical Optimization, Springer 1999
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5.6 Quadratic programming (e r, =¥e L£ Dz e

Optimize a quadratic function subject to linear constraints:

s.t atx (b iel
(P) aixEe b i€k
x€eR",

where Q@ € R"*".

Without loss of generality: is symmetric (same function value with Q not symmetric and
— =t
R=31Q@+Q)).

Difficulty depends on Q: if @ positive (semi)definite, (P) convex, otherwise can have a
large number of local optima.

Il n
Example: min{—x'x:—-1<x < 1, i=1,...,n} where all 2" vertices of {—1,1}" are

local minima.  “&rre~Z®

oA 2T
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lllustrations of convex Quadratic Programs (QPs):

AV NS &
o C e o t2

m) ey
—on R0

—R0 3
= (‘;::\)/VL M\Q 7

QPs are the simplest NLP problems besides Linear Programs. Efficient QP algorithms
are available.

Many direct applications (for portfolio optimization see exercise 9.1).
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Example: Training linear Support Vector Machines (SVMs)
Training set T = {(x',y") : X' €R", y' € {-1,1},i=1,...,p}.
Linear decision function: f(w, b,x) = w'x — b.

Separating hyperplane with largest margin (width ﬁ) guarantees best generalization.

Hard-margin linear SVM training:
c
GgRofpyr 20T
st y'(w'x'—b)—1>0 i=1,...,p.
strictly convex function but possibly huge number of linear constraints. _ = . o, L slvorre

Lo €5 rnore. £ €€,
voqkn,e—(::;sﬂ R) o corrstti)
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Reformulated as QP with a single constraint using duality:

1 - i i
L(w, b, u) = §||ﬂ||2 = ui(y'(w'x' - b) 1)
i=1

+

lans. TR S
(S VRN N (—’sj —~—. € 2« N\/Sl/

Ldﬂ(_&5 —_.aé: i \A:),\:—’(wl 6>

- e e @ NS e O S
1 W
— s R eett

oNnADNS L( lA’,Sn ng
ET Y N ) ]
AR L (v b ) \
é':) o a&mt o
| Dy LCwiboed = C ( chpavece
| Yw

oy Eo et
|

@ ((w, b, &> =9 o
/7 b -
/

L w= %2 R
/

wE=

2

Bt @0 o O g €8

v . - = Qd RS, —-2ngact
L S = O Mg—mwﬁ
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~Rr) Raas) ts Aefre

5.6.1 QP with only equality constraints

ouTx = ba
Consider 1 /7 et
min{ 5 x'Qx+c'x : Ax=b}
. - :7‘01 PP -SR-S, ‘# ™
where A € R™*", By NI To)y o 2]

(1)

Since only linear equations, CQ assumption is satisfied at every feasible point and simple

KKT conditions:

ST TS g AP ET Fos P T B
Qx—l—c—l—Zu,a =0
i=1 55
Ax = b.
=] .

N.B.: Complementary slackness constraints are automatically satisfied.

More or less direct solution of the linear system:
Q A
A 0

If A of full rank and Q is p.d. on subspace {x € R" : Ax = 0}, matrix is non singular.

= IX
~
Il
—
<1
~
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complementary slackness required since we are using the form of the formula with all the constraints, the sum goes from i=1 to m


Null-space method
hhen CAD

Determine Z € R™("~™ whose columns span the Tull space {x eR"” : Ax =0} of A

Z can be computed by (sub)matrix factorization of A (if A sparse by LU factorization).

Given feasible x,, any other feasible solution

for an appropriate w € R"™"™.

(1) is equivalent tofunconstrainedlQP:

rvonn [LwT(2TRED W S (QzovedT2v |
e R’ =

n—mn

T ket 2D

)

Lo+ 2w) R (rot2e)* <
2

w
rear~e~L

- ol st wF oL

“p 2 ngm =) QLLW
v (EetE )T
a — 2T(QRxo*2)

o tewt e

[g:"@’%) w =

Also other methods but null-space ones are widely used.
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5.6.2 QP with equality and inequality constraints

Active-set methods

min
s.t. aix < b iel
(P) aix=b; ieE
x €R"

where Q € R"*".
©Ra et O @CAUAR Comstr anomnannS P
Idea: Determine /(x*) = {i € I : a!x™ = b;} where x* is an optimal solution,
by solving a sequence of QPs with only equality constraints.

ALty

Edoardo Amaldi (PoliMI) Optimization Academic Year 2023-24

7/15



. _ =y
Active-set method for convex QPs ,,,“’#Oa% . o et et Tl

Initialization: Find initial feasible x, and

choose Wy C {i € I : alx, = bi} U E of the active constraints at x,, with £ C W.

Trs- A kol
. ’ = We, @ret et TR NRS R
Iteration k: of chankn

Given current feasible x,, determine d, by solving the subproblem:

CTLSETRNES e W

. L/t . . N +
min{ q(x, +d) :(@i(xy +d) =bpic€ Wi}, =200 (2)
ole + 2o
corrtn
@ 2o )

=)

where W is current working set, with Wi C {i € | : ajx, = b;j} UE. ™\

a clioce Cof comSaries 2_ wq—*@‘-‘v’w&z X*ﬁfbﬁt
AN TRa T comate caum—~tine
(2) is equivalent to: -
min{ g(x, +d):ald =0, i € Wi }. 3)

N.B.: If Z'QZ is p.d. (always true if Q is p.d.), (3) has a unique solution d,.

Based on solution d, of (3), we determine ‘a, x,,; = x, + axd, and Wi1.
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—locn ‘Sen

. |f@57f@ we determine the largest « satisfying all constraints [notlin W:

otz o S d, owan jw‘;j‘l—fr)
g gy L TeTe e X
e S p
TN — —_—f \
7/ Clmra N
Parsiiosy ":32:3% N ou_ [/ I~ w;“"f. S
2N - !
N tLus Cormtin A au
PR Tl =it 4 <
— [/ ek ey o we w22
and set Xpt1 §k+akgk. E/ T RO~ owd e we Gl Tonn
W+

Wicr1 = Wi U{i"} where i’ is index of one constraint becoming active at x, ;.

° If{gk = Q,ig is a minimum over subspace defined by Wi and we set x, ,; = X,.
— et e e €5 clucle Do oA UNMARRSE,
wme Qe st Fone Ao

KKT conditions of (3) imply there are multipliers uf such that:

(ogk +oyE Y ufa =0 (4)
iew,
If uf >0 foreveryi € WyN I Then x, is a local optimum of original QP

Else Wiy = Wi \ {i’} where i’ is the index with the most negative wuf.

qu,\.,eaeb
<y, s o
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o If d, # 0, we determine the largest « satisfying all constraints not in Wi:

= A in\,
— / R maste ComrtAl AL SR NN
SN RIS
o~
and set x,; = x;, + axd,. ‘/aw

Wicr1 = Wi U{i"} where i’ is index of one constraint becoming active at x, ;.

e If d, =0, x, is a minimum over subspace defined by Wy and we set x,, = x,.

KKT conditions of (3) imply there are multipliers uf such that:

ng—l—g—l—Zufgi:Q. (4)

iew,
If uf >0 foreveryi € WyN I Then x, is a local optimum of original QP

Else Wiy = Wi \ {i’} where i’ is the index with the most negative wuf.
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Proposition: If Q is p.d. (g is strictly convex), the method (with anti-cycling rule) finds
4 an opti soluti ithin a finite number of iterations.

Weonls Rrecamra of i
Note: finite number of working sets. .
Of RSz Lo T W
Example: min  q(x1,x2) = (x1 — 1)% + (x2 — 2.5)?
s.t. —x1+2x —2<0
x1+2x—6<0
x1—2x—2<0
—x1 <0
—x2 <0

—_~ o~ o~ o~
o1 w
— — — ~— ~—

Figure:

From J. Nocedal, S. Wright, Numerical Optimization, First Edition, Springer 1999, p. 462-463.
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Iteration 0:

2
50_( 0 ) and we take Wy = {3,5}. o e Gl 53, O E
AN R R CAADAN st

Since X, is a vertex of the feasible solution polyhedron,
Xo minimizes g(x) w.r.t. Wy and

dy = 0 is optimal solution of min{ g(x,+d):ald =0, i€ W }.

Thus x; = xy + apdy = Xq-

Vot = (5 ) =uw( ) (?)

. . -2 . .
we obtain the multipliers ( 53 ) = ( 1 ) for the active constraints.
5 _

KKT conditions:

we o st

Since u3 < us < 0, we set Wj = W, 3} = {5}.
3 < us 1 o\ {3} {}’Xﬂ% =
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Proposition: If Q is p.d. (g is strictly convex), the method (with anti-cycling rule) finds
4 an opti soluti ithin a finite number of iterations.

Weonls Rrecamra of i
Note: finite number of working sets. .
Of RSz Lo T W
Example: min  q(x1,x2) = (x1 — 1)% + (x2 — 2.5)?
s.t. —x1+2x —2<0
x1+2x—6<0
x1—2x—2<0
—x1 <0
—x2 <0

—_~ o~ o~ o~
o1 w
— — — ~— ~—

Figure:

*2 —

x2 Leco ;W‘"Wj“f
— S AL (o STl
?é\ﬂ) o e S e
123 2.0 oy
@ S a0x

From J. Nocedal, S. Wright, Numerical Optimization, First Edition, Springer 1999, p. 462-463.
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Iteration 1:

Optimal solution of min{ q(x; + d) :gfg =0,ieW }isd; = (

Since d; does not violate any constraint with indices not in W;, oy =1 and

1
522514‘&141:( 0 )

Since at x, no other constraints are active, we set Wo = Wy = {5}.

Iteration 2:

Optimal solution of min{ q(x, +d):ald =0, ie Wy } isd, =0.

vate) = ( % )= (] )

From KKT conditions

we obtain us = —5.

. . o~ s e et B
Thus x5 = x, and we set W3 = W, \ {5} = 0. TeasR) ovd é";\fﬁi) «

tele QoL
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Proposition: If Q is p.d. (g is strictly convex), the method (with anti-cycling rule) finds
4 an opti soluti ithin a finite number of iterations.

Weonls Rrecamra of i
Note: finite number of working sets. .
Of RSz Lo T W
Example: min  q(x1,x2) = (x1 — 1)% + (x2 — 2.5)?
s.t. —x1+2x —2<0
x1+2x—6<0
x1—2x—2<0

~ o~~~ e~
—~ T T — —

—x1 <0 4
—x2 <0 5

Figure: .
: R PR /W&jmﬁ;ﬁ'

From J. Nocedal, S. Wright, Numerical Optimization, First Edition, Springer 1999, p. 462-463.
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Iteration 3:

Optimal solution of min{ g(x; +d):ald =0, i€ W3 }isd; = ( 205 )

Since dj violates constraints (1) and (2) which are not in Wj, a3 = 0.6 and
1
X4 = X3+ azd; = ( 15 >

Since at x, only constraint (1) becomes active, we set Wy = {1}.
Iteration 4:

. . . . . . 0.4
Optimal solution of min{ q(x,+d):ald =0, iec Wy }isd, = .

0.2

Since x, +d, = ( 1‘; ) satisfies all the constraints with indices not in Wi, we take ay = 1,

set x5 = x, +d, and W5 = Wy = {1}.
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Iteration 5:

Optimal solution of min{ (x5 +d):ald =0, i€ Ws } is dg = 0.

Solving the KKT conditions (4) we obtain u; = 1.25 > 0.

Thus x5 = ( i‘; ) is optimal for the original problem.
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5.6.3 Non convex QP and solvers

If Q has some negative eigenvalues, the active-set method for convex QP can be adapted
by modifying d, and ay in certain situations.

See J. Nocedal, S. Wright, Numerical Optimization, First edition, Springer 1999, p. 468-474.

Since Wi may change by just one index at every iteration, efficient QP solvers proceed
by successive updates of the factors computed at the previous iterations.

Available active-set-based solvers: LINDO, QPOPT, NAG Library, Matlab,...
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5.7 Penalty method and augmented Lagrangian method

Generic NLP: o clsnnea L -5 Con
- EBL o RIS e S
| min | f(x) /

\
s.t. c(x) 2/0 iel
|

Ci(l) =0 i€eE “\ (1)
L xe®R” |

where f and ¢'s are of class C* or C2.

Notation, examples and proofs: see Chapter 17 of J. Nocedal, S. Wright, Numerical
Optimization, Springer, 1999, p. 491-500.
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5.7.1 Quadratic penalty method

tr meolnte T =
1SS pur- S U o, Tl SR Eanch

QAN
Idea: Delete constraints, penalize their violation and solve a sequence of unconstrained
optimization problems.

Description for

‘grmin f(x)
I st c(x)=0 ieE={1,...,m} | (2)
x € R". /

Definition: The guadratic penalty function problem associated to (2) is

min Q(x, 1) = f(x) + i Zci@(é) ®3)

XERM
ik
with penalty parameter i > 0.. tRa oppana T RIS
to emelt TR (A DR eh AN NI R O :.'-20'0-"-)
LA S BB CeEN T o, whana 25 Canrtnas )

'We consider {1k} k=1 with limy_, oo g = 0 and, for each k, we determine an approximate
solution x, of (3) using an unconstrained optimization method.

{
\ Frot RN @995 T >
o o &M"Pi»%‘;‘“’“}%w{a_ 2 eBa tovmltmants)
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Example: min X1+ X0

2,2 _
st. xi+x3—2=0
with optimal solution (—1, —1)%.
Quadratic penalty problem:

A 2N T =
@) = cx) ¢ — f (e g—
52«)”7:/\,7‘ Rlx) Zp 2‘7 we €

2
- Xu —+ X2 Z:‘C/’.()‘Hz—f"(’— —Z’B

Figure 17.1  Contours of Q(x: p) from (17.4) for p =1 Figure 17.2  Contours of Q(x; jt) from (17.4) for pp = 10

o =4 e Mmhamnsln P Gax ) L0 we ae ‘Cak-Ceor
m%c/&:w.-eu- BT en)) ! [ SS) =%
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General scheme
W Wt o Lo nasnes
o Mo QNN

0) Select € > 0, po > 0, sequence of tolerances {Ti }x>o with 7« > 0 and limi— oo 7k = 0.

Choose initial x3 and set k = 0.
Lo~ OV N-2S

1) Determine an approximate minimizer x, of Q(x, p«) starting from x; and terminate
when [[VQ(x, pue)[| < Tk o wgrons T2 gl

cean~R QD _A.>r>

2) If termination condition is satisfied (e.g, |f(x,_;) — f(x,)| <€)
Then return solution X,

Else choose pik+1 € (0, pk) and starting x;,,, set k = k + 1 and Goto 1)

W O
uﬂ%—“’%a—vm
« f \ ARl Y

- ) RS

Choices:

@ For convergence results, it suffices that limy_, o 7x = 0.

@ {uk}r>o0 generated adaptively starting from po: if minimization of Q(x, px) is "difficult”
set e.g. pipq1 = 0.7y, otherwise piyi 1 = 0.1pu. :5;“””‘&“ VT S 95 ok S
@ Judicious choice of the starting xj when solving unconstrained penalty problem at each

iteration: x5, 1= x; ——~_ ot €Lt we eST s S ane,
X1 - — Xk -L—-Zf_, e e N LR o A~
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terminate this step (2)


s 2 srtne  ume, O~ Onluane € sl

AARDRSE) RSl Pl —
bt Q"‘*W,a.,&-ew (Ta=9o ¥&)

onsetynue —eeTE Convergence

\
Theorem 1: Suppose each x, is a global minimizer of Q(x, pu) and limi— oo ftx = 0,

then every limit point x* of {x, }x>0 generated with above scheme (7 =0, Yk > 0) is a

global minimum of problem (2). Lo Camess €5 tiomad—
Asre. —of | PRCEw > 1T

Proof:

Let X be an optimal solution of (2).

ome Eu, won o _2oeSe, pvony SR @, Yuy ol £ e oo

=

Lo~ (2,6R FOaA S R ) £ R~
Rezw. Yud = Y e A N e 5 won CasorR
—— . Py N&AS)_&%, - Al ot esx )
L ow e e (
Anenel) ¢ _ S SScwcEYE =
S - Ko 2 C-a(_’:b')‘_ = 70("; > Z/‘yév = <
Lot sq s .
e = Pes) ca)y

= - =) — cG)
- cremnt = 29w FED y”c:u] vie
o 2 7

= e ke K i gy Fu= =T
A - Ayl tas 4 Frniuze W
Conno Fon o)
o st We )8 e :
@) Lesrorne b2 o e, R RornE

. x9)=0O vneEES
2« o5 = Cw» & +
Z"‘" Cora=w)? = _/Q)éyﬁ: wé—%cwb(ék/\ = ?) [‘,zﬁe&wt—,—c)/\?">

Sz
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e Al ot AW S ATt 08 Qasmf& Rt SCu
o oAronaRl SNt

7)) Lirvae S LSt e o wonn cC) ne SLtLonn

e . _
L) = fesP) + GBE SG. S et = PR

o) AP e o ot ARE §F ()

—
sl ot © *’g\,,‘*-:n:q;‘
s Er S 1\
PSS SR S oot = %W STt
4 potal
A
e =) —Cwt=wd = Ya M
VY YIRS IR “Co
[ e Kook oA s e comnm Toane s —
\ e S T o adoio ) e, anete L
Th 2: If ’ o2 "y
eorem 2: /; Sl mrot R ~ a:e»/y&zz o4
tr AT .
. . 2o, O —
@ tolerances 74 > 0 satisfy limk— o0 7k = 0 e wban o S0 ST
W_QAA—N
] Iirpk_, Mk = 0,

then every limit oTnt x* of {x, hx>o at which all/ V¢i(x*), with i € E, are linearl
independent is a KKT point of problem (2). f

For such points, the subsequence defined by IC V\;&ith limeex x, = x* satisfies

|.m—M =u Vi€ Ej (4)

ke Mk 77<’/777777

where u* satisfies with x* the KKT conditions for problem (2).
+-Co_ C/QN\M-M

ey
orAvASe kT AN
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Observation: (4) implies that
i) The minimizer x, of Q(x, p«) does not satisfy ci(x) = 0 exactly for all i € E
(ci(x,) = —puj). To obtain a feasible solution, we must px — 0.

ci(xy)

i) In some circumstances — o may be used as estimates of u;".

Dot S

Recall: Lagrange function for problem (2) is o EEANWSWCUE SR ci
L(x,u) = f(x) = Y uici(x) (5)

i=1
cochT
ton)
Lol e

S o e
oo v e ganatte

Vil(x,u) = VF(x) c;(g) =o0. (6)
i=1

T = cot
S ViQ(x, 1) = VF(x) +

and KKT conditions require that, apart from ¢;(x) =0

By comparing

()

and (6), it appears that —% has been substituted with u;.
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(Xk)

It can be proved that if 7x — 0 then x, — x* and — uf i=12...,m

+ to#&wﬁm-&w

o_// R A
Observation: When g, — 0 the quadratic penalty problem (3) becomes/ill conditioned.]
- Mo R X Yuh el
x e w8 ot
L= S
V2, Q(x, k) = V2f(x) + —Af(x) Ax) + ; Z ci(x)V2ci(x) (8)
- k

i=1

where Af(x) = [Vei(x);...; Vem(x)] and A € R™X" of full rank m < n, usually m < n.

When x is close to minimizer of Q(x, k) and assumptions of Theorem 2 are satisfied, (4)

implies that m-:m»ﬁﬁ— A%

V2, Qx, k) & V2L u") + *A (x) A(x)- 9)

Since ViXL(g, u*) does not depend on p and M%(Af(g) A(x) has n — m eigenvalues of value 0

and m eigenvalues of value O(1/p), numerical issues arise when p — 0.
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—Ca
\f?_mwwlt‘-eoo WC&SX/\W

Problems with both equality and inequality constraints:

Quadratic penalty problem

. _ L3S0 + = S ()] )
min Q(x, 1) = F(x) + o ; ¢ (x) + o iez’([i(f)lc)lH MS)OZ)O

O ot-ReStvew~o

where [y]~ denotes max(—y,0).

Other penalty functions are available.

If only equality constraints, the exact penalty problem is

1
min Q(x,u) = f(x) + — lci(x)]. (11)
i Q) = )+ 5 ()
|
N.B.: Q is not everywhere differentiable. —— ///M s
— &
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5.7.2 Augmented Lagrangian method

Idea: Reduce ill-conditioning issues of the unconstrained subproblems (in quadratic

penalty method) by introducing explicit estimates of the Lagrange multipliers.

Description for

{ min ;(;)
C.t. a(x)=0 icE={1,...,m} (12)

x € R".

Definition: The augmented Lagrange function associated to problem (12) is
e a3l O/ymwwcf Sean 8RS Trny

— RA A O SO AT O
vef,v.L S, e ety 2 %\AWJM)

- o~ w = e T
LyCoiotrr ) = L Pexd + = W\..Cw‘&)] ~ | 5 cwes) /

Al z “? L Sz«
N .
Ree [ Lex. )
AL -—,—E/vva-zf
~ -«,wv)\ .

@\ o owsk
e Oxl (=T Y=
Qo LT consl g
‘ga:cu—:‘;ﬂ‘;__o o | eCann ot oA DRSS

ook o~
Lace=mrsy= LC=e) = Tl e
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Similar approach:

[At each iteration: tk > 0 and determine an approximate minimizer x, of La(x, u*, 1ue)
‘L\Lig an unconstrained optimization method, wherekgf‘ is an updated estimate. L

o e aARasl s oo oA

Differentiating w.r.t. x, we obtain

Va0 = V1)~ S fus - G o)

i=

Considerations similar to those in proof of Theorem 2 allow to establish that

k CilX .
u}*%u,-—M i€E, (13)
Pk
which is equivalent to
k
ci(x,) ~ pu (u — uy) i€E (14)
IS T e
Rroro & o O
et ({—ewvhﬂdﬂ otver=2) ";L“’Vi:_ﬁ'e/
o cowe to (e )
o> RORSEDY ooanS vf{"
— ol Ok =4
| — o~e Py R
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General scheme

0) Choose € > 0, po > 0, tolerances {7k x>0 with 7 > 0 and limy_oc 7« = 0,

x5 and initial u°, set k := 0.

1) Determine an approximate minimizer x, of La(x, u*, uu) starting from x; and
terminate when ||VxLa(x, u*, pu)| < 7.

2) If overall termination condition is satisfied (e.g, |f(x,_;) — f(x,)] <€)

Then Stop

ci(x,)
i

choose piky1 € (0, pk) and next starting solution xj

Else set uftt = uf — foricE (15)

set k := k+ 1 and Goto 1)
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Including in La an additional term related to the Lagrange multipliers leads to
substantial improvements w.r.t. the quadratic penalty method.

Example: .
min X1 + X2
2 2 _
st. xi+x3—2=0
with optimal solution x* = (—1,—1), optimal multiplier u* = —0.5 and unconstrained

optimization subproblem:
From J. Nocedal, S. Wright, Numerical Optimization, Springer, 1999, p. 513-514.

Figure 17.5  Conloursof £,(x, & g2} from (17401 forh =  Odandpe =1,
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Including in La an additional term related to the Lagrange multipliers leads to
substantial improvements w.r.t. the quadratic penalty method.

Example: .
min X1 + X2
2 2 _
st. xi+x3—2=0
with optimal solution x* = (—1,—1), optimal multiplier u* = —0.5 and unconstrained

optimization subproblem:

From J. Nocedal, S. Wright, Numerical Optimization, Springer, 1999, p. 513-514.
- 2 2 —"94[;«:'4—&-?”7'\27

NSO LAC%S,V"H“‘()——[ (et 2) — o (e +X7—1)]4[Z7 J
xe m? " .
oA AT = S .
Boposna €Ty =T m) Jﬂu JW,WJ Con G R Y R(xt)

Cornrion~> ’a& la C=-0.G, %
P 2 ANRAND AR

sem(ER) ¥ L
ol R €S 5P eRos T '
=)
(T3E) F R

s

Rl mn Lo,
S o~~~

= 5
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Theorem 3:

Let x* be a local minimum of (12) at which the Vci(x"), i € E, are linearly independent
and 2nd order sufficient optimality conditions are satisfied for u = u”*.

*

is a strict local minimum of La(x, u™, p).
- == 4

Then 3 & > 0 such that for all y € (0,7], x

N.B.: In general u* is unknown.

The next result T ST

o
- concerns the more realistic case in which u # u*,

- provides conditions under which 3 a minimizer of L4 close to x* and error bounds on x,
and on ukt1,
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Theorem 4:
Suppose the assumptions of Theorem 3 are satisfied at x* and u*, and let z > 0 be the

corresponding threshold.
Then I scalars § > 0, € > 0, and M such that

i) For all u* and p satisfying

lu* —u"| <6/me, ke < T (16)
the problem
coee min La(x, u,
i/ Seeiesa i XERM: ||x—x*||<e Al 7, i)

has a unique solution x,. Moreover, we have ||x, — x*|| < M |lu* — u*||.
B AR AL oA R
ii) For all u* and p satisfying (16), we have Conio o, Fmpansty O
. 2 €) o e
+1

bl wat ™)

6 — o < M| u® = o7,

where u**! is given by the formula (15). es><t ol o

iii) For all u* and p satisfying (16), the matrix V2, La(x,, u*, k) is positive definite

and the V¢i(x,), with i € E, are linearly independent. — = =*

<
SBe TINS5
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Problems with also inequality constraints:

We can introduce slack variables and substitute ¢j(x) > 0, i € /, with

ci(x)—si=0, si >0, i€l

In LANCELOT solver, the bounds on the variables are explicitly taken into account in

the subproblem

. k
min La(x,u", puy).
e D, (x, ", px)

Zinf =
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5.8 Barrier method

Description for: N S
min f(x)
| st oG(x)>0 iel={1,...,m} | (1)

e

Notation and examples: Chapter 17 of J. Nocedal, S. Wright, Numerical Optimization, Springer,
1999, p. 498-508.

Definition: Let Teale, EF 22X
X° =int({x €R" : ci(x) > 0,i € 1}) #0,

a function defined on R" is a barrier function if it is continuous over X°, tends to co
when approaching 9X and has value co on R" \ X°.

4
/
. . . - B !
Example: Logarithmic barrier function for ¢;(x) > 0: o AN
D— —_— >
0 £

= | —In¢i(x). T = e ovprind

e ot Joust T

? f o IAAANST
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Idea: Add to objective function the barrier terms associated to the constraints and solve
a sequence of

Definition: The logarithmic barrier problem associated to problem (1) is

m|n P(x,p) = f(x) — ’ uZIn ci(x), 2)

Gk
iel &thCMMZ'—O
with barrier parameter p > 0. N T AR TREs e it
— weotl,
DIt s Nt P

N.B.: When p — 0 the barrier term becomes negligible.

conrca & (b)) ——3©
Qo
60O

Fe=>+ 4 S [-Cecucm)

rWe consider {u} with limg_ o px = 0, start from x, € X° and, for each k, determine
Lan approximate minimizer x, of P(x, ux) with an unconstramed optimization method.
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Example 1:

s.t. x>0
1-x2>0

with optimal solution x* = 0 and logarithmic barrier problem:

min P(x,pu) = x — plnx — pin(1l — x).
x€R

Compare P(x, p) for values of p from 1 to 0.01.

See J. Nocedal, S. Wright, Numerical Optimization, Springer, 1999, p. 499-500.
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Example 2:

min  (x1 +0.5)%2 4 (x2 — 0.5)?
s.t. xj € [0,1]
xp € [0,1]

with optimal solution x* = (0, 0.5)* and logarithmic barrier problem:

Compare contours of P(x, p1) for values of p from 1 to 0.01.

For p = 0.01, around x* (more elongated and less elliptical) indicate possible numerical
problems.

See J. Nocedal, S. Wright, Numerical Optimization, Springer, 1999, p. 500-502.
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General scheme

0) Choose € > 0, po > 0, tolerances {7k x>0 with 7 > 0 and limy_oc 7« = 0,

initial point xg. Set k := 0.

1) Determine an approximate minimizer x, of P(x, u«) starting from x; and

terminate when ||V P(x, p)| < 7k.

2) 1If overall termination condition is satisfied (e.g, |f(x,_;) — f(x,)| <€)
Then Stop

Else select juxy1 € (0, k) and X, ;, set k := k + 1 and Goto 1)

Since x, € X° the sequence {x,} remains in X°, the algorithm is an

interior point method. — P
P \ ﬁ%ﬁtﬁxl O e R, RO
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Important connection between a minimum of P(x, i), denoted x(u), and a point

(x*, u™) satisfying the KKT conditions ofproblgm (1), namely

Vil(x,u) =Vf(x)— Zu, Vei(x) =0

c,(g) >0 Vie <l
U,‘C,‘(K) =0 Viel
u>0 Viel

In a minimizer x(u) of P(x, ), we have LT e
3
VP(x, 1) = Z VC,(X =0.

By defining the estimates of the multipliers

with i =1,..., m,

) ._ K
ulh) = o)

(7) can be rewritten as o —_— 7
=0/

Ef(x Z ui(p) Vei(x {

which is equivalent to (3).
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Observation: For p > 0 the KKT conditions (3)-(6) hold except (5) because

ui(p)ci(x(pn)) =p for i=1,....,m.

When ;2 — 0, a minimizer x(p1) of P(x, u) and

the associated estimate

i . wi i=1....m
ull) = ooy M=

tend to progressively satisfy the KKT conditions of problem (1).

Thus we generate points so-called central path
{(x(r), u(n)) : >0}

defined by (8).
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Theorem:
Suppose that X° # () and x* is a local minimum of (1) at which the KKT conditions are
satisfied for some u™.

Moreover, suppose that
@ gradients of the active constraints at x™ are linearly independent,

@ strict complementarity conditions are satisfied at x* (Vi € I exactly one of ¢;j(x*) or
*

uf is equal to 0),
@ 2nd order sufficient conditions are satisfied at (x*, u*).
Then

i) 3 unique continously differentiable vector function x(u) s.t. lim,—o, x(p) = x*.
For all sufficiently small p, x(u) is a local minimum of P(x, 1) in some neigborhood
of x*.

ii) For x(u) in (i), the Lagrange multiplier estimates u(u) defined by
ui(p) = p/ci(x(p))  i=1,....m,

converge to u™ when p — 0;.

i) V2.P(x, 1) is positive definite for all sufficiently small .
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If also equality constraints, one may include quadratic penalty terms (combined
log-barrier/quadratic penalty function problem).

Sixth computer lab: application of the logarithmic barrier method to LP.

An interior point method for LP

st. Ax=b (10)
x>0 (11)

is obtained by applying the barrier method to constraints (11) and by adapting the Newton
method to account for (10).

Unlike for Simplex method, such interior point method for LP can be proved to be a polynomial
time algorithm.
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5.9 Introduction to sequential quadratic programming

Generic NLP:
min f(x)
(P) s.t. gi(x) <0 iel={1,...,m}
hi(x)=0 le E={1,...,p}
x €R”

where f, gi's and h;'s are of class C°.

Idea: Extend the Netwon method to nonlinearly constrained problems.

Given a current x,, we could try to determine an improving direction d, by solving the
quadratic approximation of (P):
spaerpT e

min  Ld'V(x)d + V(e )d + (x) N

(QA) sit. 2d'Vgi(x,)d + Vigi(x)d +gi(x,) <0  iel={1...,m}
%gtvzhl(lk)d + vthl(lk)d‘f' hl(lk) =0 (/1 le E= {1> ceey P}

but difficult because of the quadratic constraints. PR Gy H e s
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Observation:

If (d*, 1", p*) is a stationary point of the Lagrange function associated to (QAx) it is
llsola stationary point of the Lagrange function associated to the Quadratic Program:

min - 3d'ViL(x, 0" p7)d + V' F(x)d + F(x,)
(QPAL) s.t. Vigi(x,)d + gi(x,) <0 iel={1,...,m}
Vihi(x,)d + hi(x,) =0 le E={1,...,p}

All constraints are linear (approximations).

To obtain a good approximation of (P) via Quadratic Programs, the objective function
must include not only a quadratic model of f but also 2nd order information of the g;'s.
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General scheme
Let x4, U, and v, be estimates of a solution of (P) and of the corresponding multipliers.

Iteration k:

Given (x,, u,,v,) determine d, and the corresponding multipliers (ﬂk’Bk) of the
Quadratic Program:

min %dtV;L(lkaﬂkylk)d+th(lk)d
(QPx) s.t. Vigi(x,)d + gi(x,) <0 iel={1,...,m}
Vihi(x,)d + hi(x,) =0 le E={1,...,p}

Set Xyyq =X, +dy, U =m, and v, =p,
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Although (QPx) derives from (QPA«) by subsituting the optimal multipliers with the
current estimates, it can be proved that:

- feasible region of the subproblem (QPx) is a linear approximation of that of the
original problem,

- Lagrange function Lq(d, 7, p) of (QPx) is a quadratic approximation of that of (P).

An iteration of the Sequential Quadratic Programming method (SQP) is equivalent to:
r— carry out one iteration of the Newton method for the Lagrange function,
|
L— nforce feasibility with respect to the linearization of the feasible region.

The SQP method is well defined:
Proposition:

(x™,u",v") is a KKT point of (P) if and only if (d*,n", p*) = (0,u",v") is a KKT point
of (QPk)
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Convergence properties similar to those for Newton method:

Quadratic local convergence if

(i) Hessian matrices of the objective function and constraints are Lipschitz continuous,
(i) constraint qualification assumption is satisfied,

(iii) 2nd order sufficient optimality conditions and strict complementarity conditions are
satisfied.

To guarantee global convergence:

- 1-D search that minimizes an appropriate merit function such as
1, o« a
M(x; ) = f(x) + ﬂ( > max{0,gi(x)} + Y [h(x)])
i=1 =1

- or trust region based approach.

Quasi-Newton versions (without 2nd order derivatives) have also been investigateded.

Several SQP codes are available (SQP, NPSOL, SNOPT, Matlab,...).
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Subgradient method

Consider minyern f(x) with f convex.

Start from an abitrary x,.

At k-th iteration: consider 7, € 9f(x,) and set

Xpp1 7= X = Xk
with ax >0

oLt la
c Ll > Qm_eﬁ
Observation: No 1-D search (optimization) because for nondifferentiable functions a
subgradient v € 9f(x) is not necessarily a descent direction!
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Example:  min_j<y <1 f(x1,x2) with f(x1,x2) = max{—x1,x1 + x2,x1 — 2x2}

Level curves in black, points of nondifferentiability (t,0), (—t,2t) and (—t, —t) for t > 0, global

minimum x* = (0, 0).

Cormonrs 2
off

goitn g&m_t_)

~~

= \ 1 2 ]
-2 -1 /
A\hnlmv
TN

At x; = (1,0) consider 7, = (1,1) € 0f(x,), f(x) increases along

{xeER? : x= Xpe = QY5 Ok > 0} but if oy is sufficiently small then x; ., = x; — Ky, is
closer to x*. \ ol odae ts

From Chapter 8, Bazaraa et al., Nonlinear Programming, Wiley, 2006, p. 436-437
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Theorem: S et
) . . P22 oens IS A2,
If fis convex, limjj—oo F(X) = 400, liMk 0o ax =0 and Y7 o = o0, the

subgradient method terminates after a finite number of iterations with an optimal
solution x* or infinite sequence {x,} admits a subsequence converging to x™.

Stepsize:
In practice {ax} as above (e.g., ax = 1/k) are too slow.

An option: ax = agp® for a given p < 1. A more popular one (min problems):

where 0 < €4 < 2 and  is either the optimal value f(x*) or an estimate.

Stopping criterion: prescribed maximum number of iterations
(even if 0 € 9f(x,) it may non be considered at x, ).

oo e ), EELY Srane
Need to store the best solution x, found. o Fnere

Simple extension for bounds (projections).
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